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PREFACE 


The theory of equations is not only a necessity in the subsequent 
mathematical courses and their applications, but furnishes an illumina- 
ting sequel to geometry, algebra and analytic geometry. Moreover, 
it develops anew and in greater detail various fimdamental ideas of 
calculus for the simple, but important, case of polynomials. The 
theory of equations therefore affords a useful supplement to differential 
calculus whether taken subsequently or simultaneously. 

It was to meet the numerous needs of the student in regard to his 
earlier and future mathematical courses that the present book was 
planned with great care and after wide consultation. It differs essentially 
from the author’s Ehmeniary Theory of Equations, both in regard to 
omissions and additions, and since it is addressed to younger students 
and may be used parallel with a course in differential calculus. Simpler 
and more detaUed proofs are now employed. The exercises are simpler, 
more numerous, of greater variety, and involve more practical applications. 

This book throws important light on various elementary topics. 
For example, an alert student of geometrj’- W’ho has learned how to bisect 
any angle is apt to ask if everj' angle can be trisected with ruler and 
compasses and if not, why not. After learning how to construct regular 
polygons of 3, 4, 5, 6, 8 and 10 sides, he will be inquisitive about the 
missing ones of 7 and 9 sides. The teacher will be in a comfortable position 
if he knows the facts and what is involved in the simplest discussion to 
date of these questions, as given in Chapter III. Other chapters throw 
needed light on various topics of algebra. In particular, the theory 
of graphs is presented in Chapter Y in a more scientific and practical 
manner than was possible in algebra and analjdic geometry. 

There is developed a method of computing a real root of an equation 
with minimum labor and with certainty as to the accuracy of all the 
decimals obtained. We first find by Homer’s method , successive trans- 
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formed equations whoso number 5s half of the desired number of significant 
figures of the root The final equation i» reduced to a linear equation 
by applying to tho constant term the correction computed from the 
omitted terms of the second and higher degrees, and the work is completed 
b} abridged division The method combines speed with control pf 
accuracy 

Newton’s method, which js presented from both the graphical and 
the numerical standpoints, has the advanti^ of being applicable also to 
equations which arc not algebraic, it ts applied in detail to various such 
equations 

In order to locate or isolate the real roots of an equation we may 
employ a graph, provided it be constructed scientifically, or the theorems 
of Descartes, Sturm, and Budan, which are usually neither stated, nor 
proved correctly 

The long chapter on determinants is independent of the earlier chap- 
ters The theory of a general system of linear equations is here pre- 
sented also from the standpoint of matrices 

For %aluable suggestions made after reading the preliminary tnanu- 
senpt of this book, the author is grcalh indebted to Professor Bussey 
of the University of hfmncsota, Professor Roever of Washington Uni- 
versity, Professor Kempner of the Umver'ily of Illmois, and Professor 
Young of the University of Chicago The revised manuscript was much 
improswl after it was read cnlically by ftofessor Curtiss of Northwestern 
University The author's thanks are duo also to Professor Dresden of 
the Um%ersit> of lYisconsm for various useful suggestions on the 
proof-sheets 
Chicago 1921 
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First Course in 
The Theory of Equations 


CHAPTER I 
Complex Numbers 

1. Square Roots. If p is a positive real number, the symbol Vp is ’ 
used to denote the positive square root of p. It is most easily computed 
by logarithms. 

We shall express the square roots of negative numbers in terms of the 
sjTubol i such that the relation = — 1 holds. Consequently we denote 

the roots of = — 1 by i and — l The roots of = — 4 are written in the 

form ±2f in preference to ±V— 4. In general, if p is positive, the roots 
of x2 = — p are written in the form ± Vp i in preference to ± V— p. 

The square of cither root is thus — p. Had we used the less desirable 

notation ±V -p for the roots of x-= — p, we might be tempted to find the square of 
either root by multiplying together the values under the radical sign and conclude 
erroneously that 

V^— p "n/— p='\/p*= +p. 

To prevent such errors we use V^p t and not — p. 

2. Complex Numbers. If a and b are any two real numbers and 
— 1, a+bi is called a complex number ^ and a— hi its conjugate. Either 

is said to be zero if a=b=0. Two complex numbers a+hi and c-\-di 
are said to be equal if and only if a=c and b=d. In particular, a+hi=0 

' Complex numbers arc essentially couples of real numbers. For a treatment from 
this standpoint and a treatment based upon vectors, see the author's Elementary Theory 
oj Eguation."!, p. 21, p. 18. 
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if and onJy if a«b=0 If &^0, o+bt issaid to be inwKHnory In partic- 
ular, bi IS called a pure tmndtna/y 

Addition of complex numbers is defined by 

(a+bO+(e+rf») = (o+^)+(b+‘^)» 

The inverse operation to addition is called subtraction, and consists m 
finding a complex number 2 such that 

(c+d0+2=»<i+fe 

In notation and value, z is 

(a-|-b0-(c-hd0»(a-c)+(6-d)» 

Multiplication is defined by 

(a-f-bi) (c+di)=ac— M+(fld+ 6 c)», 

and hence is performed as in formal algebra mth a subsequent reduction 
by means of i* « - i For example, 

(a+tw) 

Division 13 defined as the operation which is inverse to muHipbeation, 
and consists m finding a complex number 9 such that (a+bt] 9 "C-|-/i 
Multiplying each member by a— 61 , we find that q is, in notation and 
value, 

e+fi («+fi) (a—bi) cc+fjf , of—U 
a+bt a^+b** 

Since a*-f-b*=0 implies a*6«0 when a and b arc real, we conclude that 
division except by tero is possible and unique 


EXERCISES 


Express ss complex numbers 


1 V-g 
5 8 + 2 V 3 


2 v7 3 (V^-f-V'-25) V^16 

fi 3+"^ , 3+5* 

2+Vri 8-3. 


4 -I 



9 Prove ttmt the sum oi two eonjagate conqitex numbers is real and that their 
difference is a pure imagioary 

10 Prove that the conjugate of the sum of (vm complex numbers is equal to the 
sum of their coniu^tea Doea the result hold true if each word sum is Kpkeed by the 
word difference? 
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11. Prove that the conjugate of the product (or quotient) of two complex numbers 
is equal to the product (or quotient) of their conjugates. 

12. Prove that, if the product of two complex numbers is zero, at least one of them 
is ?ero. 

13. Find two pairs of real numbers z, y for which 

(i+!;i)*=-7+24i. 

As in Ex. 13, express as complex numbers the square roots of 

14. _ll.j.60i. 15. 5-12i. 16. 4cd+(2c=-2d% 

3. Cube Roots of Unity. Any complex number x whose cube is equal 
to unity is called a cube root of unity. Since 

2^— l = (x— 1) (a:2+rE+l), 

the roots of = 1 are 1 and the two numbers x for which 

a^+a:+l=0, (a:+^)2=-f, x+i=±^\/3z. 

Hence there are three cube roots of unity, viz., 

1, 0)= — z, w’ = — -j— z. 

In view of the origin of «, we have the important relations 
u^+w+l=0, 01® = !. 

Since «co'=l and a)® = l, it follows that £o'=w®, w = co'®. 


4. Geometrical Representation of Complex Numbers. Using rect- 
angular axes of coordinates, OX and OY, we represent the complex number 
a-^hi by the point A having the coordinates a, h (Fig. 1). 


The positive number r=Va®-fi>® giving 
the length of OA is called the modulus (or 
absolute value) of a-\-hi. The angle 0—XOA, 
measured counter-clockwise from OX to OA, 
is called the amplitude (or argument) of a+bi. 
Thus cos 6=alr, sin 6=blr, whence 

(1) a-f bz=r(cos 6+i sin 6). 



The second member is called the trigonometric form of a-fbf. 

For the amphtude we may select, instead of B, any of the angles 0±36O® 
e±720'’, etc. ’ 
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Two complex numbers are equal jf and only if their moduli are equal 
and an ampLtude of the one is equal to an amplitude of the other 

For ex&mple, the cube root^ of unity are 1 and 

« — i+iVaf 
•>co»120’+i«in 120*, 

-tt)8 240'+t 8m240', 

and an> Kpreaented by the pointa marked I, u u* 
at the vertices of an equilateral triangle inscribed 
la a circle radius unity and center at the origin 
t)(Fig 2) Tlie indicated amplitudes of wand w' 
are 120* and 240* respectively whil» the modulus 
of each la I 

Tbe modului of -3 is 3 and its amplitude is 180* or 180* plus or nmus the product 
ol 360* by any positive whole number 

G Product of Complex Numbers By actual multiplication, 

|r{co9 8+t am 8))|r'(co9a+i am «» 

*»fT'lfcos8 coa«— 8m88ma)+t(8in 8 coau+coa Oam a)] 
-it'(co8 (d+«)+itm (8+a)l bs trigonometry 
Hence the modulus of (he product of boo complex numbers ts e^uol (o (he 
product of their moduli, while the amplitude of the product ts equal to the 
sum of their amplitudes 

For example the square of w»co8 120* -(-i sin 120* has the modulus 1 and the ampli* 
tude 120“+120* and tiCTCeis i»*=eo8210*+^Bin 240* Again the product of u and «’ 
has the modulus I and the amplitude 120*+240* and hence is cos SOO'-t-i sin 360*, 
which reduces to 1 Hiis agrees with tbe known fact that 

Talang r='r's=l in the above relation we obtain the useful formula 
(2) (cos 9+1 sin 9) (cosa+»Bina)=co3 (9+a)+i am (9+a) 



6 Quotient of Complex Numbers Taking a = 9 in (2) and dtvid' 

mg the members of the resulting equatiOQ by coa 8+i sin 6, we get 


C03 d+t atg p 
cos 9+t sin 9 


=co3 (/?— 9)+isin (0-9) 
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Hence (he aviplitude of the quotient of R[cos P+i sin 0) by r(cos e+i sin 6) 
is equal to the difference /3-0 of their amplitudes, while the modulus of the 
quotient is equal to the quotient R/r of their moduli. 

The case |3=0 gives the useful foraiula 


1 

cos e-\-i sin 0 


=cos 0— i sin 6. 


7. De Moivre’s Theorem. If n is any positive whole number, 


(3) (cos d+i sin 0)"=cos nd+i sin nd. 

This relation is evidently true when n = l, and when n=2 it follows 
from formula (2) with a = 6. To proceed by mathematical induction, 
suppose that our relation has been established for the values 1, 2, . . . , m 
of n. We can then prove that it holds also for the next value m+1 of n. 
For, bj’’ hypothesis, we have 

(cos O+i sin 0)”=cos mS+f sin md. 

Multiply each member by cos d+i sin 6, and for the product on the right 
substitute its value from (2) with a=mO. Thus 

(cos B+i sin 0)”'^^ = (cos 6+i sin 0) (cos mB+i sin to0), 

= cos (,B+m6)+i sin (B+mB), 

which proves (3) when n=m+l. Hence the induction is complete. 
Examples are furnished by the results at the end of § 5: 

(cos 120°+i sin 120‘’)==cos 240°+^ sin 240°, 

(cos 120°+i sin 120°)’=cos 360°+i sin 360°, 

8. Cube Roots. To find the cube roots of a complex number, we first 
express the number in its trigonometric form. For example, 

4:V^-}-4V2 i=8(cos 45°+t sin 45°). 

If it has a cube root which is a complex number, the latter is expressible 
in the trigonometric form 

(4) r(co.s B+i sin 0). 

Tlie cube of tlie latter, which is found by means of (3), must be equal 
to the proposed number, so that 

?^(cos 30+i sin 30) =8fcos 45°+t sin 45°). 
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The moduh r’ and 8 must be et^ual, so thit the positive real number t 
13 equal to 2 rurthermore, 38 and 45“ base equal cosines and equal 
sines, and hence differ by an integral mulitplc of 300“ Hence 3fl=45*+ 
k 3C0“, or S = 15°+l 120*, where 1 is an integer* Substituting this 
value of 6 and the value 2 of r in (4), we get the desired cube roots The 
values 0, 1, 2 of 1; give the distinct results 

fii=2(cos 15“+i Bin 15*), flt=2(cos 135*+i sm 135*), 
^a=2(co3 255*+»fiin 255°) 

Each new integral value of k leads to a remit nhich is equal to Ri, 
i?2 or Rj In fact, from A=3 wc obtain Ei, froml:=4 we obtain R 2 , from 
1; = 5 wc obtain Ri, from h = 0 wc obloin Rt again, and so on periodically 


EXERCISES 

1 Verify that ft-wR, R»-w»R. \mfy lh*t R, i* a cube root of 8 (eog 4S*+ 
t «ici 4%*) by eubms R> ud applyina De Moivte • theorem tV Ky are the new exprestions 
for Ri and R, evidently also cube roots* 

2 Find the three rube roots of —27 those of — t, those of v 

3 Find the two square roots of 1 , those of — t, those of v 

4 Prove that the numbers cos 4+tsia * and no others are represented by points 
on the nrelo ol radius unity whose center is the ongio 

5 If 0+61 and e-hdi arc represented by the points A and C in Fig 3, prove that 
their sum is represented by the fourth tertex S of the pmUetogram two of whose aides 
are OA and OC Hence show that the modulus of the sum of two complex numbers 
u equal to or less than the sum of Uieir modub, and is equal to or greater than the dif* 
ference of their moduli 
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G. Let r and r' be the moduli and 6 and a the amplitudes of two complex-numbers 
represented by the points A and C in Fig. 4. Let U be the point on the i-axis one 
unit to the right of the origin 0. Construct triangle OCP similar to triangle OUA and 
similarly placed, so that corresponding sides are OC and OU, CP and UA, OP and OA, 
while the vertices 0, C, P are in the same order (clockwise or counter-clockwise) as 
the corresponding vertices 0, U, A. Prove that P represents the product (§5) of the 
complex numbers represented by A and C. 

7. If a+bi and e+fi are represented by the points A and S in Fig. 3, prove that 
the complex number obtained by subtracting a-f W from e+fi is represented by the point 
C. Hence show that the absolute value of the difference of two complex numbers is 
equal to or less than the sum of their absolute values, and is equal to or greater than 
the difference of their absolute values. 

8. By modifying Ex. 6, show how to construct geometrically the quotient of two 
complex numbers. 

9. nth Roots. As illustrated in § 8, it is evident that the nth roots 
of any complex number p(cos A-ftsin A) a^e the products of the nth 
roots of cos A -ft sin A by the positive real nth root of the positive real 
number p (which may be found by logarithms). 

Let an nth root of cos A-f i sin A be of the form 

(4) r(cos 6+i sin 6). 

Then, by De Moivre's theorem, 

r^Ccos nd+i sin nO)— cos A+i sin A. 

The moduli r" and 1 must be equal, so that the positive real number r 
is equal to 1. Since nG and A have equal sines and equal cosines, they 
differ by an integral multiple of 360°. Hence n0=A-ffc-36O°, where k 
is an integer. Substituting the resulting value of 0 and the value 1 of r 
in (4), we get 

(6) +.' sin (A+.H60\ 

For each integral value of k, (5) is an answer since its nth power reduces 
to cos A-f I sin A by DeMoivre’s theorem. Next, the value n of fc gives 
the same answer as the value 0 of k; the value n-f 1 of Z: gives the same 
answer as the value 1 of k; and in general the value n-f w of k gives the 
same answer as the value m of k. Hence we may restrict attention to 
the values 0, 1, . . . , n— 1 of Z:. Finally, the answers (5) given by these 
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values 0, 1, , n— 1 of ft are all distinct, since they are represented hy 
points whose distance from the origin is the modulus 1 and whose ampli- 
tudes are 

A A.ZGO" A.2 3CO^ X . (n~l)3G0° 

n’ n+“* n+'~S~' ’ " n + n ' 

so that these n points are equally spaced points on a circle of radius unity 
Special cases arc noted at the end of § 10 Hence any complex number 
diSereni /rom jcro has exactly n distinct complex ntfi roots 

10 Roots of Uruty. The trigonometric form of 1 is cos 0®+i sin 0*. 
Hence by § 9 with A = 0, the n distinct nth rails of unity are 
, . 2iir . 2JI:Tr ,, n , 

(6) cos— +i8in— (fc=0, 1, ,n— 1), 

where now the angles arc measured in radians (an angle of ISO degrees 
being equal to ir radians, where ir = 3H10, approNimatcly) For i“0, 

(6) reduces to 1, which is an evident nth root of unity For (6) u 

2r 2r 

(7) fl-cos— +«8in^ 

By De Moivre’s theorem, the general number (6) is equal to the 
Ath power of R Hence the n distinct nth roots of unity are 

(8) R,n'.R^, ft'-l 

As a special case of the final remark m § 9, the n complex numbers 
(6), and therefore the numbers (8), arc represented gcomctncallj by the 
vertices of a regular polygon of n sides inscribed m the circle of radius 
unity and center at the origin with one vertex on the positive i-axis 



For n=s3, the ounib«ia (8) are u, w’ I which are repre- 
SKited m Fig 2 bj the vertices of sn eqailateral triangle 

horn— 4 fi*cosi/2+t8mT/2 = i The four fourth roots 
of unity (8) are > »•-— I i« = l, whn-h are repre- 

aented by tbe vertices of a square inscribed in a circle of 
radius luuty and center at the origui 0 (Fig 


Fia 5 
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EXERCISES 

1. Simplify the trigonometric forms (6) of the four fourth roots of umty. Check 
the result by factoring a:*—!. 

2. For n=6, show that R= -u'. The sixth roots of unity are the three cube roots 
of unity and their negatives. Check hj' factoring a:®— 1. 

3. From the point representing a +bi, how do you obtain that representing —(a+bi)I 
Hence derive from Fig. 2 and Ex. 2 the points representing the six sixth roots of unity. 
Obtain this result another way. 

4. Find the five fifth roots of —1. 

5. Obtain the trigonometric forms of the nine ninth roots of unity. Which of 
them are cube roots of unity? 

6. Which powers of a ninth root (7) of unity are cube roots of unity? 

11. Primitive nth Roots of Unity. An nth root of unity is called 
■primitive if n is the smallest positive integral exponent of a power of it 
that is equal to unity. Thus p is a primitive nth root of unity if and only 
if p" = l and p'y^l for all positive integers l<n. 

Since only the last one of the numbers (8) is equal to unity, the number 
R, defined by (7), is a primitive nth root of unity. We have shown that 
the powers (8) of R give all of the nth roots of unity. Which of these 
powers of R arc primitive nth roots of unity? 

For n =4, the powers (8) of R =i were seen to be ' 

=i, = -1, = —i, i* = 1. 

The first and third are primitive fourth roots of unity, and their exponents 1 and 3 
are relatively prime to 4, i.e., each has no divisor >1 in common with 4. But the 
second and fourth are not primitive fourth roots of unity (since the square of —1 and the 
first power of 1 arc equal to unity), and their exponents 2 and 4 have the divisor 2 in 
common with 7i=4. These facts illustrate and prove the next theorem for the case 
n=4. 

Theorem. The primitive nth roots of unihy are those of the numbers 
(8) whose exponents are relatively prime to n. 

Proof. If k and n have a common divisor d (d> 1), 72* is not a primitive 
tvth root of unity, since 

and the exponent n/d is a positive integer less than n. 
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But if A. and n are relatively pnme, le, have no common divisor>l, 
S* 13 a primitive nth root of unity. To prove this, ^\e must show that 
if f IS a positive inteBcr<n By De Moivre’s theorem, 


If this were equal to unity, 2Ux/n would be a multiple of 2t, and hence 
a multiple of n Since I is relatively prime to n, the second factor f 
would be a multiple of n, whereas 0 < 1 < n 


EXXRCISES 

1 Show thikt the primitive cube root« of unity are u and u‘ 

2 For R pven by (7), prove that tlie pnmitive nth roots o( unity are (fl for n=6, 

R, Ji*, («> tor ti- 8, it. ft* B*. («»> tot ft, ft*, ft*, ft“ 

3 VrTien B 13 a prune prove that any nth root of unit>, ether than I ispnmitive 

4 Let ft be a primitive nth root (7) of unity where n b a product of two different 

prunespandf Showlhatft ,A*areprimit<vewitbtbe cvceptioaof ft'.ft'*, , 

ft** whose ?lh power* are unity, and ft*, .ft” whose yth power* are unity 

These two seta of exceptions tkave only ft” in common llcnce there are exactly 
p?— p-ij+1 primitive nth roots of unity 

5 Fmd the number of primitive nib roots of unity if n is a si^tiare of a prime p 

6 Extend Ex 4 to the cave in whidi n is a product ol thrre distinct primes 

7 If A IS a pnmilive 15th root (7) of unity, verify that ft' ft*, ft* ft'i are the prim^ 
tive fifth roots of unity, and ft* and ft'* are tbe primitive rube roots of unity Show 
that their eight products by pairs itivo all the primitive 15(h roots of unity 

8 11 s IS any primitive nth root of unity, prove that p, »• , p" arc distinct and 

give all the nth roots of unity Of these show that p* is a primitive ntli root of unity 
if and only if Ai u relatively prime to n 

9 Show that the slx primitive ISth roots of unity are the negatives of the primi- 
tive ninth roots of unity 


CHAPTER II 


Elementary Theorems on the Roots of an Equation 


12. Quadratic Equation. If a, b, c are given numbers, a?^0, 

(1) ax2+b2:+c=0 (a?^0) 

is called a quadratic equation or equation of the second degree. The 
reader is familiar with the following method of solution by " completing 
the square.” Multiply the terms of the equation by 4a, and transpose 
the constant term; then 

4a^a:^+4a6a;= — 4ac. 


Adding tfi to complete the square, we get 


( 2 ) 


(2ac+6)^=A, 

-b+VA 


A=b2— 4ac, 

-b-VA 


By addition and multiplication, we find that 


(3) 


Xl +Xn = 



c 

XlX2=-. 

a 


Hence for all values of the variable x, 

(4) a{x—xi) {x—x 2 )=ax'^—a(xi+x 2 )x+axix 2 =ax^+hx+c, 

the sign = being used instead of = since these functions of x are identically 
equal, i.e., the coefficients of like powers of x are the same. We speak 
of a(a;— xi) (x— X 2 ) as the/aciored/om of the quadratic function ax^+bx+c, 
and of X— Xl and .x— X2 as its linear fadors. 

In (4) we assign to x the values xi and X 2 in turn, and see that 
0=axi2+bxi+c, 0=ax2®+bx2+c. 

Hence the values (2) are actually the roots of equation (1), 

We call A=b-— 4ac the discriminant of the function ax^+bx+c or 
of the corresponding equation (1). If A=0, the roots (2) are evidently 
equal, so that, by (4), Qx^d-bx-kc is the square of ^/^(x — Xi), and con- 

11 
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versely We thus obtain the useful result that a^+bx+e ts a perfect 
square {of a linear function of x ) »/ and onlytf P=4ae (le , t/ t^s discrimi- 
nant IS Zfro) 

Consider a real quadratic equation, i e , one whose coefficients a, b, e 
are all real numbers Then if A is positive, the two roots (2) are real 
But if A IS negative, the roots arc conjugate imagmaries (§ 2) 

When the coefficients of a quadratic equation (1) are any complex 
numbers, A has two complex equate coots (5 9), so that the roots (2) of 
(1) are complex numbers, which need not be conjugate 

For example, the diacriminanl of u d=4{l—e) Ife=t thcna=08nd 

i’— 2x+ls(2 — !)• 13 a perfect square and the roots I 1 of 2r+l»0 are equal 
It e=0 d— 4 13 positive and the roots 0 aTid2of i*— 2/ssr(r— 2) —0 are real If c=2 
—4 13 negative and the roots t±V^ —1 of *•— 2e+2=0 are conjugate complex 
numbers The roots of 2*— z+l+t-Oarc • and I— * and are not conjugate 

13 Integral Rational Function, Polynomial If n is n positive integer 
and Co, Cl , e. arc constants (real or imaginary), 

/{j:) = ft,I»+Cil^’*+ +C,-l*+Ca 

M called a polynomial m * of degree n, or also an integral rational fiintiion 
of X of degree n It is given the abbreviated notation f{x), just as the 
logarithm of *+2 is written log (i+2) 

If co^O,/(®)“0 18 an equation of degree n If n«3, it is often called 
a cubic eguofion, and, if n<‘4 a quarlie equation For brevity, we often 
speak of an equation all of whose coeflicients arc real as a real equation 

14 The Remauider Theorem If a polynomial f{x) be ditided by 
x—c until o remainder independent of x m obtained this remainder is equal 
tofie), which tslhe lalue of f{x) when i=c 

Denote the remainder by r and the quotient by q{x) Since the 
dividend is/(r) and the divisor is*— c, we have 
/(*)s(*-c)g(*)+r, 

identically in x Taking *=c, we obtain /(c) =:r 

If r=0, the division is exact Hence we have proved also the follow- 
ing useful theorem 

The Factor Theorem If /(c) is zero the polynomial f{x) has the 
factor x—c In other words, if ets a not of /(x)=0, x—c is a factor of 
/(X) 
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For example, 2 is a root of x’ — '3=0, so that z — 2 is a factor of x’ 8. Another 
illustration is furnished by formula (4) 

EXERCISES 

Without actual division find the remainder when 

1. x*~3x^—x—6 is divided by x+3. 

2. x’— 3x’+6r— 5 is divided by x— 3. 

Without actual division show that 

3. ISi'^+lOx^+l is divisible by x+1. 

4. 2x* — x’ — 6x- +4x — 8 is divisible by x —2 and x +2. 

5. x<— 3i’+3x’— 3x+2 is divisible by x— 1 and x— 2. 

6. r’ — 1, r<— 1, r^— 1 are divisible by r— 1. 

7. By performing the indicated multiplication, verify that 

r^-l^Cr-l) (r"-‘+r^-=^+ . . . +r+l). 

8. In the last identity replace r by x/y, multiply by y", and derive 

x”-y"=(x-y) (x"“‘+x"“^2/+ • • • 

9. In the identity of Exercise 8 replace y by — y, and derive 

x"+!/"s(x+y) (x"“^-x”“^y+ . . . -xy”"*+y""^), nodd; 
x^-y^sCx+y) (x"“^— x^'^yd- . . . +xy’*"*— y"”*), neven. 

Verify by the Factor Theorem that x+y is a factor. 

10. If a, ar, ar^, . . ., ar” ~ * are n numbers in geometrical ’progression (the ratio of any 
term to the preceding being a constant r^l), prove by Exercise 7 that their sum is 
equal to 

a(r"-l) 
r-1 ' 

11. At the end of each of n years a man deposits in a savings bank a dollars. With 
annual compound interest at 4%, show that his account at the end of n years will be 

^{d-oir-i} 

dollars. Hint: The final deposit draws no interest; the prior deposit will amount to 
a(l 04) dollars; the deposit preceding that will amount to a(1.04)- dollars, etc. Hence 
apply Exercise 10 for r = 1.04. 

16. Synthetic Division. The labor of computing the value of a polj^- 
nomial in x for an assigned value of a: may be shortened by a simple device. 
To find the value of 


X*+3x^—2x—5 
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for a = 2 , note that 1^=22®, bo that the sum of the first two terms 
of the poljnomial is 5i® To 5z*=5 2** we add the next term — 2x ard 
obtain 18r or 3C Combining 36 with the final term —5, we obtain the 
desired value 31 

This computation may be arranged sjstcmatically as follows After 
supplying zero coefficients of rrussii^ powers of x, we write the coefficients 
in a bne, ignoring the powers of x 

13 0 -2 -S |_2_ 

2 10 20 36 

1 5 10 18 31 

First we bring down the first coefficient 1 Then we multiply it by the 
given value 2 and enter the product 2 directly under the second coefficient 
3 add and write the sum 5 below Similarl) we enter the product of 
S by 2 under the third coefficient 0, add and write the sum 10 below, etc 
The final number 31 in the third line is the value of the polynomial when 
x-2 The remaining numbers in this third line arc the coefficients, in 
their proper order, of the quotient 

2»+&t»+102+18, 

which would be obtained by the ordinary long division of the given poly* 
nomial by x—2 

We shall now prove that this process called fi/ntfirtic diiijion, enables 
us to find the quotient and remainder when any polynomial /(z) is divided 
byz-c IV rite 

/(z)s-ooz"+oii*-'+ + 0 , 

and let the constant remainder be r and the quotient be 
g(z)shor*-*+bia?* *+ +5w-i. 

By comparing the coefficients of /(z) with those m 
(z-c)g(z)+rsi)oz"+(6i-c6o)^ ‘ 

+ (l> 2 — e6i)^"*+ +({•■.- i—cb,_,)z+r—c6,_i, 

we obtain relations which become after transposition of terms 
i>o=ffo bi=fl|+c6o b 2 =a 2 +cbi, K i=o,_i+cb „-2 r=«,+cb,_i 
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The steps in the work of computing the 6’s may be tabulated as follows: 

do Ol 02 • • • On-1 On 1_£_ 

c6o chi • • • chn— 2 c6n— 1 

ho ^2 • * • h„_i, r 

In the second space bqlow oo we write bo (which is equal to oo). We 
multiply bo by c and enter the product directly under oi, add and write 
the sum bi below it. Next we multiply bi by c and enter the product 
directly under 02 , add and write the sum ba below it; etc. 

EXERCISES 

Work each of the following exercises by-synthetic division. 

1. Divide a:’+3s-— 2i— 5 by X— 2. 

2. Divide 2x>— s’+2x— 1 by x-f2. 

3. Divide x’+6x’+10i — l by X— 0.09. 

4. Find the quotient of x’— 5x^— 2x+24 by x— 4, and then divide the quotient by 
X— 3. What .are the roots of x’— 5x^— 2x+24=0? 

5. Given that x‘— 2x’— 7x“-f8x+12 = 0 has the roots —1 and 2, find the quadratic 
equation whose roots are the remaining two roots of the given equation, and find these 
roots. 

6. If x*—2x’ — 12x’'+ 10x4-3 =0 has the roots 1 and —3, find the remaining two roots. 

7. Find the quotient of 2x<— x’— 6x’-f4x— 8 by x*— 4. 

8. Find the quotient of x*—3x’4-3x-— 3x4-2 by x-— 3x4-2. 

9. Solve Exercises 1, 2, 3, 6, 7 of § 14 by synthetic division. 

16. Factored Form of a Polynomial, Consider a polynominal 
/(x) = Cox"4-Cia:"“^-b . . . -f c„ (co?^0), 

whose leading coefficient co is not zero. If /(x) =0 has the root ai, which 
may be any complex number, the Factor Theorem sliows that/(x) has the 
factor X— ai, so that 

/(.t) s (x-ai)(3(x), Q(x)scox"-^-f . . . +c'o_i. 

If Q(x) = 0 has the root ao, then 

Q(x)s(x-a 2 )Qi(x), /(x)s(x-ai) (x-a 2 )Qi(a:). 

If Qi(x) = 0 has the root az, etc., we finally get 
(5) f(x) = Co(.x-ai) (x-az) . . . (x-cTo). 

We shall deduce several important conclusions from the preceding 
discussion. First, suppose that the equation /(x) = 0 of degree n is known 
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to have n distinct roots oi, . . . , a*. In f(x)^{x—at)Q(.x) take x=aj, 
then 0 = (« 2 -ai) QCas), whence 0 (« 2)=0 and 0(i)“0 has the root aj 
Similarly, Qi(z)’=0 has the root 03 , etc Thus all of the assumptions 
(each introduced by an “ if ”) made m the above discussion have been 
justified and ac have the conclusion (5) Hence if an eqiuihon /(i) = 0 
of degree n has n dislincf roots ai, . . , a,, f{x) can he expressed in the 
factored form (5) 

It follows readily that the equation can not have a root a different 
from ai, , o. For, if it did, the left member of (5) is zero when 
i=a and hence one of the factors of the right member must then be zero, 
s<ij a-£rj«=0, whence the root a is equal to aj Wc have now proved 
the following important result 

Theorem Anerptationof degree n cannot hate more than n distinel roots. 

17. Multiple Roots.* Equalities may occur among the a's in (5). 
Suppose that exactly mi of the a’s (including aj) are equal to ai; that 
while exactly THj of the o's are equal too*, etc. Then (5) becomes 

(0) /W^coCs—ai)"* (z—orj)"* (*—«»)"•, Tni+fn2+ .+mts=n, 

where a\, , at are distinct We then call ot a root of muUiplinty mi 

of /(2)"0, at a root of multiplicity mj, etc In other words, 01 is a root 
of multiplicity mi of /(x)«>0 if/(i) is exactly divisible b> (a— ai)*‘, but is 
not divisible by (x-ai}"'"'' Wc call ai also an mi-/oW root In the 
particular cases mi « 1, 2, and 3, wc also speak of ai as a simple root, iouhU 
root and triple root, respectively For example, 4 is a simple root, 3 a 
double root, -2 a triple root, and 6 a root of multiplicitj 4 (or a 4-fold 
root) of the equation 

7(x-4) {i~3)»(x-l-2)S(x-6)« = 0 

of degree 10 which has no further root This example illustrates the 
next theorem, which follows from (6) exactly as the theorem m § 16 
followed from (6) 

Theorem An equation of degree n oannof have more than n roots, 
a root of multiphaty m being counted as m roots 

18 Identical Polynomials. // two polynomials in x, 

+an, bo**+6i*"”‘+ +f’»> 

' Multiple roots are treated by calcuhu in { 58 
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each of degree n, are equal in value for more than n distinct values of x, they 
are term by term identical, i.e., ao = bo, ai = bi, . . . , an = b„. 

For, taking their difference and writing co = ao— bo, • • • > Cn=a„—b„, 
we have 

Coa:"+cia:""*+ . . . +c„ = 0 

for more than n distinct values of x. If cof^O, we would have a contra- 
diction with the theorem in § 16. Hence Co=0. If ci^O, we would have 
a contradiction with the same theorem with n replaced by n—1. Hence 
ci=0, etc. Thus ao = bo, ai = bi, etc. 

EXERCISES 

1. Find a cubic equation having the roots 0, 1, 2. 

2. Find a quartic equation having the roots ±1, ±2. 

3. Find a quartic equation having the two double roots 3 and —3. 

4. Find a quartic equation having the root 2 and the triple root 1. 

5 What is the condition that ai^+bx+c=0 shall have a double root? 

6. If aox"+ . . . =0 has more than n distinct roots, each coefficient is zero. 

7. Why is there a single answer to each of Exercises 1-4, if the coefficient of the 
highest power of the unknown be taken equal to unity? State and answer the cor- 
responding general question. 

19. The Fundamental Theorem of Algebra. Every algebraic equation 
with complex coefficients has a complex (real or imaginary) root. 

This theorem, which is proved in the Appendix, implies that every 
equation of degree n has exactly n roots if a root of multiplicity m be counted 
as m roots. In other words, every integral rational function of degree n 
is a product of n linear factors. For, in § 16, equations /(x) = 0, Q(a;)=0, 
Qi(a:) = 0, . . . each has a root, so that (5) and (6) hold. 

20. Relations between the Roots and the Coefficients. In § 12 we 
found the sum and the product of the two roots of any quadratic equation 
and then deduced the factored form of the equation. We now apply 
the reverse process to any equation 

(") /(a:)scoz"-{-Cix'’-»-f . . . -fc„ = 0 (cqt^O), 

wliose factored form is 

(8) /(x) = co(z-ai) (x-a2) . . . (z-a„). 

Our next step is to find the expanded form of this product. The following 
special products may be found by actual multiplication: 
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(r-ai) (r-a*)ex’— (ai+«j)l+0'ia2, 
(ri-ai)(l-a2)(x— as)— («l+“*+«3)l*+{aia2+oia3+Q2a3)l-aia2aj 
These identities are the cases n=>2 and n=3 of the following general 
formula 

(9) (zi-ai) (z-a:) (r-o,)az"“(ai+ +a,)j"*‘ 

+ (ai05+oia3+<»2<*3+ 

— (aia2a3+ai020’i+ +a,_2a,_ia,)2^''* 

+ +(~l)"aia2 On, 

the Quantities m parentheses being described m the theorem below If 
wemulfiplj each member of (9) bj it is not much trouble to vcrifj 

that the resulting identity can be domed from (9) bj changing n into 
n+1 60 that (9) is proved true b\ mathoinaticaf induction Hcncc the 
quotient of (7) by cg is term bj t« rm identical n ith (0) so that 

01+02+ +0«“ — Cl Co, 

0103+0103 +020}+ +o,-iO,‘=C2 Cg, 

( 10 ) 

010303+010201+ +0«-20».|0.» —(3/(0, 

0102 o«_io*-(— l)"c*/ce 

These results may be expressed in (he following words 

Tiieohem If 01, , o, are the roots of e^uolion ( 7 ), the sum of the 

roots IS equal to —ei/cg the sum of the products of the roots taken tuo at 
a time ts equal to ct/cg the sum of the products of the roots taken three at a 
time ts equal to —cs/cg, etc., finally, the product q/ all the roots ts equal to 
(-l)"c./co 

Since we may divide the terms of our equation (7) by Cq, the essential 
parb of our theorem is contained in the following simpler statement 

ConoLLARY 7n an equation m x of degree n in tcfticA fAe coeffiaent 
of i" IS unity, the sum of the n roots is equal to the negatnc of the eoeffiaenl 
of the sum of the products of the roots tiio at a time ts c?waf to the coeffi- 
cient of z" * etc , finally the product of all the roots is equal to ike constant 
term or its negatne according as n is cten or odd 

For example in a cubic equation bavmg the roots 2 2, 5 and having unity as the 
coclBcientotz* thecoefficientotzl$2 2+2 S+2 5—24 
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EXERCISES 

1. Find a cubic equation having the roots 1, 2, 3. 

2. Find a quartic equation having the double roots 2 and -2. 

3. Solve 2:<-6 x’ + 13x^ — 121+4 = 0, which has two double roots. 

4. Prove that one root of x^+px-+qx+r-0 is the negative of another root if and 
onlyifr = p5. 

5. Solve 4x®— 16i^— 9z+36=0, given that one root is the negative of another. 

6. Solve x’— 9x-+23x — 15=0, given that one* root is the triple of another. 

7. Solve X*— 6x’+12x" — 10x+3=0, which has a triple root. 

8. Solve x’ — 14x=—84x +216=0, whose roots are in geometrical progression, i.e., 
with a common ratio r [say m/r, m, mr], 

9. Solve x’— 3x* — 13x+15=0, whose roots are in arithmetical progression, i.e., 
with a common difference d [say m—d, m, jK+d). 

10 Solve x'*— 2x’— 21x=+22x+40=0, whose roots are in arithmetical progression. 
[Denote them by c—Sb, c—b, c+5, c+36, with the common difference 2b ] 

11. Find a quadratic equation whose roots are the squares of the roots o( 

X*— px+9=0. 

12. Find a quadratic equation whose roots are the cubes of the roots of x^— px+g =0, 
Hint: Q;’+/3’ = (o(+d)’— 3ad(“+^)- 

13. If a and ^ are the roots of x’— px+g=0, find an equation whose roots are (i) oV^I 
and (ii) o^'danda^’; (iii) a+1/^ and ^+l/a. 

14. Find a necessary and sufficient condition that the roots, taken in some order, 
of x’+pr’+5x+r=0 shall be in geometrical progression. 

15. Solve x’— 28x+48=0, given that two roots differ by 2. 

21. Imaginary Roots occur in Pairs. The two roots of a real quadratic 
cciuation whose discriminant is negative are conjugate imaginaries (§ 12). 
This fact illustrates the following useful result. 

Theorem. 7/ a?i algebraic equation with real coefficients has the root a+hi, 
where a a7}d b are real and bp^O, it has also the root a—bi. 

Let the equation be /(x) =0 and divide /(x) by 

(11) (x— o)®+6^=(x— a— 6z) (x— a+ftf) , 

until we reach a remainder rx+s whose degree in x is less than the degree 
of the divisor. Since the coefficients of the dividend and divisor are all 
real, those of the quotient Q(x) and remainder are real. We have 

/(x) sQ(x) {(x-a)2+h2} +rx+s, 

identically in x. Tliis identity is true in particular when x=a+&z so 
that ’ 


0 = r(a+hf)+s=ra+s+r5z. 
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Since all of the letters, other than *, denote real numbers, we have (§2) 
ra+a=0, r?> = 0 But bj^Q Ilcncc r=0, and then « = 0 Hence /(i) 
IS exactly divisible by the function (11), so that/(r) = 0 has the root a— bi 

The theorem may be applied to the real quotient Q(x). Wc obtain 
the 

Corollary If a real olgebratc equalion has an imaginary root of 
muUiplmly m, the conjugate imaginary of Ihtt root is a root of multipliafy m 

Counting a root of multiphcitj m as m roots, we see that a real equation 
cannot ha\e an odd number of imaginarj roots Hence by §10, a real 
egualion of add degree has al least one real root 

Of the n linear factors of a real integral rational function of degree n 
{§ 19), those haMng imaginary coofUcicnts may be paired ns in (11) 
Hence every integral rational function ictlh real coefficients can be expressed 
as a product of real linear and real quadratic factors 

EXERCISES 

1 SoWs*'— 4s’— toot being; — l+v'— S 

2 Sotve**-tz‘+5s’-2i-2«0, one root bong t -> 

3 Find a cubic equation nith real coefRcients two of whose roots are 1 sod 3+2i 

4 If a real cubic equation >0 baa the root l+V— 3> nhst are the 

remaining roota^ Find the complete equation 

6 If an equation with rational cocfRcicnta lias a root o+Vb wliere o and b are 
rational but Vb la irratioaal, prove (hat it has the root o—Vb [Use the aetbod of 
J21) 

8 Solve I*— 4i‘+4i-l»0 one root being2+V3 

7 Solve i>-(4+V3)z»+(5+4V3)z-5>/3-0 having the root 

8 Solve the equal on in 7, given that it has the toot 2+t 

0 Find a cubic equation with rational eocffieicnts having the roots 1 1+^^ 

10 Given that s’— 2i’ — 5 j’— & r+2— 0 haa the root 2— Vs find another root and 
by means of the sum and the product of the four roots deduce, without divuion, the 
quadratic equation satisfied by the remaining two roots 

If Granted that a certain cubic equation haa the root 2 and no real root different 
from 2 does it have two imaginary lootaT 

12 Granted that a certain quarlic equation has the roots 2±3i, and no imaginary 
roots diTerent from them, does it have two real roots? 

13 By means of the proof of Ex 5 inav we conclude as at the end of } 21 that 
every integral rational function with rational coefCcicnta can be expressed as a product 
of linear and quadratic factors with rational coefficiecta? 
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22. Upper Limit to the Real Roots.^ Any number which exceeds 
all real roots of a real equation is called an tipper limit to the real roots. 
We shall prove two theorems which enable us to find readily upper limits 
to the real roots. For some equations Theorem I gives a better (smaller) 
upper limit than Theorem II; for other equations, the reverse is true. 
Evidently any positive number is an upper limit to the real roots of an 
equation having no negative coefficients. 

Theorem I. If, in a real equation 

f(x)=aox"+ai3f~^+ . . . +a„ = 0 (flo>0)) 

the firsl negative coefficient is preceded by k coefficients which are positive or 
zero, and if G denotes the greatest of the numerical values of the negative 
coefficients^ then each real root is less than l+-^<?/uo- 

For example, in i5+4x*-7i5-40j;+ 1 =0, G=40 and A;=3 since wc must supply 
the coefficient zero to the missing power j:’. Thus the theorem asserts that each root 
is less than 1 + V^40 and therefore less than 4.42. Hence 4.42 is an upper limit to the 
roots. 

Proof. For positive values of x, f(x) will be reduced in value or remain 
unchanged if we omit the terms aix”-\ . . . , (which are 

positive or zero), and if we change each later coefficient at, ... , On to 
~G. Hence 

f(x) ^aox’' — G(x’'~^+a:"~^~^+ • • . +a:+l). 

But, by Ex. 7 of § 14, 


‘+ . . . +x+ls 




if 1. Furthermore, 

\ x—1 / x—1 

Hence, if x>l. 


f(x)> 


x" ^'*'^{aoX*~^(x—l) — G} 


f(x')>- 


Mno(x-l)^-G} 


Thus, for x>l, /(x)>0 and x is not a root if Oq (x~l)‘^~G^0, which 
is true if x^l-\--^G/ao. 
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23 Another Upper Lumt to the Roots. 

Theorem II If, m a rrol algArate equation tr which the coeffiaeni 
of the highest power of the unknown u positive, the numerical value of each 
ncgaUie coefficient be dntded by the sum of all the positive coefiaents which 
precede it, the greatest quotient so obtained increased by unity ts an upper 
limit to the roots 

For the example m ( 22, the quotients are 7/(l+4) and 40/S, so that Theorem II 
asserts that 1+8 or 9 is an upper haul to the roots Theorem I pase the L>ctter upper 
limit 4 42 Hut for Oi+e’— 0, Tlieorcni I gives the upper limit 4, while 

Theorem II gives the better upper iiinit 2 

We first gi\e the proof for the ease of the equation 

/( I ) « ;i.x • - j>»r • + p-r ’ — p, I + ft - 0 
in wbieh each pi is positive In view of the ideolities 

*‘-(*-1) (i*+**+»+!)+l (J+D+I. 

/ ( 2 } IS e'lual to the sum of the terms 


P»(2-l)2*+p.(2-l)/>+j4(2-l)2+p.(2-l>+P«, 

-p»*' +pj(»-i)2+r»{»-i)+pi 

-P.* +P. 

It 2>1 negative terms oeeur only in the tint and third columns while tho sum of the 
terms id each of these two columns will be 10 if 


Hence /(2)>0and 


p.(2-l)-p.l0 (p.+p>) (»-l)-pilO 



This proves the theorem for the present equation 

Next let /(f) be modified by chanpng its constant term to —pt Wemodifythe 
above proof by employing the sum (pi+pi)i— p, of all the terms m the corresponding 
last two columns This sum will be >0if a>pg/(p<+pi), which is true if 


IH+Pt 

To CTtend this method of proof to the general case 

+00 (o.> 0 ), 

we hate only to emploj suitable general notations Let the negative 
coefficients be a,,, ,0*,, where ki>kt> >1, For each posi- 
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tive integer m wliich is ^ w and distinct from k\, . . . , kt, we replace x”* , 
by the equal value 

dix”'-^+x”'-^+ . . . +x+l)+l 


where d=x—l. Let F{x) denote the polynomial in x, with coefficients 
involving d, which is obtained from f(x) by these replacements. Let 
i>l, so that d is positive. Thus the terms are the only negative 
quantities occurring in F{x). If A*<>0, the terms of Fix) which involve 
explicitly the power xh are and the amdx^i for the various positive 
coefficients which precede The sum of these' terms will be iO 
if at^+d'Lam^0, i.e., if 


a:^l + 


'SOm 


There is an additional case if A;/=0, i.e., if Oq is negative. Then the 
ternas of F(x) not involving x explicitly are oq and the am(d+l) for the 
various positive coefficients a^. Their sum, ao+x^Om, will be >0 if 


which is true if 


x> 


-«o 

Sflm’ 


xiH- 


-Qq 

Soo* 


EXERCISES 

Apply the methods of both § 22 and § 23 to find an upper limit to the roots of 

1. 4x>-Sx'+22x’+98r=-73i+5=0. 

2. x*-5x’+7x— 8x+l=0. 

3. xH3x"-4x*+5x<-6x’-7x=-8=0. 

4. x’+2x5+4i‘-8x=-32=0. 

5. A lower limit to the negative roots of f(x) =0 may be found by applying our 
thcQrcn\s Ui/(— x) =Q, ie , to the equation derived {rom/(i)=0 by replacing x by —x. 
Find a lower limit to the negative roots in Exs. 2, 3, 4. 

6. Prove that every real root of a real equation /(x) =0 is less than l+g/a<, if ao>0 
where g denotes the greatest of the numerical values of oi, , . . , a„. Hint: if x>0, 

aox"+aix"~'+ . . .^oox"— ( 7 (x"~^+ . , . -fx+l). 

Proceed as in § 22 with I: = l. 

7. Prove that 1+y •^laol is an upper limit for^the moduli of all complex roots of any 

equation /(i) =0 with complex coefficients, where g is the greatest of the values tail, 
• • ' I lanl, and \a\ denotes the modulus of a. Hint: use Ex. 5 of § 8. * 
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24. Integral Roots. For an equatumtdl of uhosecoeflaents are integers, 
any tnUgral root jj on eiaet divisor of the consiant term 
For, if X IS an integer such that 
(12) ao*“+ • +ai»-i*+a«=0, 

where the a’s are all integers, then, by transposing terms, wc obtain 
j;(-oo3c""'— -<i,-i) = a» 

Thus X IS an cract divisor of a» since the quotient is the integer given by 
the quantity m parenthesis 

Example 1 Fmd all the integral tooti of 

folulton The exact divuora of the constant tens 0 are :bl, :t3, ±0 By tnal, 
00 one of ±1, 3 la a root Next, we find that -3 is a root by aystbctie division (f IS) 
11-39 1-3 
-3 « -9 — 

1-230 

Hence the quotient IS r'—2a+3 which is aero for x— 1 ±V —2 Thus —3 u the 
only integral root 

When the constant term has numerous exact divisors, some device 
may simplify the application of the theorem 
Example 2 ■ Find all the integral roots of 


5cluiien Since all the terms except y' aio divisible by 2, an mtcgral root y must 
be divisible by 2 Since all the terras except y* are now divisible by 2* wehavey=4j, 
where a is an integer Itemoving the factor 2* from the equation m a, we obtain 


An integral root must divide the constant term 4 Hence, if there are any integral 
roots they occur among the numbers ±1 ±2, ±4 By trial, —1 is found to be a 

1 3 - 2-4 1-1 

- 1-2 4 ' — 

13-40 

* This problem is needed for the solution (§ 48) of a certain quartic equation 
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Hence the quotient is z2+22-4, which is zero for z=— liVs. Thus j/=4z=-4 
is the only integral root of the proposed equation. 

EXERCISES 

Find all the integral roots of 

1. a:’+8a:’+13x+6=0. 2. x’-5x5-2x+24=0. 

3. x’-10z2+27x-18=0. 4. 3;«+4x=+8x+32=0. 

5. The equation in Ex. 4 of §23. 

26. Newton’s Method for Integral Roots. In § 24 we proved that 
an integral root x of equation (12) having integral coefficients must be 
an exact divisor of a„. Similarly, if we transpose all but the last two 
terms of (12), we see that a„_ix+an must be divisible by and hence 
a„-i+a„/x divisible by x. By transposing all but the last three terms 
of (12), we see that their sum must be divisible by x®, and hence a„_ 2 + 
(a„_i+a„/x)/x divisible by x. We thus obtain a series of conditions 
of divisibility which an integral root must satisfy. The final sum 
aQ-\-ai/x+ . . . must not merely be divisible by x, but be actually zero, 
since it is the quotient of the function (12) by x". 

In practice, we must test in turn the various divisors x of On. If a 
chosen x is not a root, that fact will be disclosed by one of the conditions 
mentioned. Newton’s method is quicker than synthetic division since 
it usually detects early and throws out wrong guesses as to a root, whereas 
in synthetic division the decision comes only at the final step. 

For example, the divisor —3 of the constant term of 
(13) /(x)=x<-9x>+24i='-23x+15=0 

is not a root since — 23+15/(— 3) = —28 is not divisible by —3. To show that none 
of the tests fails for 3, so that 3 is a root, we may arrange the work systematically as 
follows; 



1 

-9 

24 

-23 

15 3 

(14) 

-1 

6 

-6 

5 

(divisor) 


0 

-3 

18 

-18 



First we divide the final coefficient 16 by 3, place the quotient 5 directly under the coef- 
ficient —23, and add. Next, we divide this sum —18 by 3,' place the quotient —6 
directly under the coefficient 24, and add. After two more such steps we obtain the 
sum zero, so that 3 is a root. 

It is instructive to obtain the preceding process by suitably modifying synthetic 
division. First, we replace x by l/y in (13), multiply each term by ?/<, and obtain 

15y‘-23y’-t-24y'— 9y+l =0. 
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ne may tcit this for the root jr“i which coirespontU to the root 1—3 of (13), by 
ordinary synthetic division 

15 21 ^ 1 i 

5 —6 6 —1 [(multiplier) 

IS ^18 18^ ^ 0 

The coefficients in the last tno 1 nea (after oimttai|{ 15) are the same as those of the last 
two hnes m (14) read in rever* order Thw ahoutd be the ease since we have here 
multiplied the same numbers by J that we divided by 3 in (14) Jlie numbcrsui 
the present third lino are the cocllieients of the quotient ({ IS) Since wc equate the 
quotient to aero (or llw applieatwwis we Biay teplace llw«e coefficients by the numbers 
iQ the second line which arc the products of the former numbers by ^ The numbers 
in the second hnc of (1 1) are the negativea of the coefficicnia of the quotient of /(z) 
by z— 3 

Example Find all the inteftml toots of equation (13) 

Sal 4tion I or a ne^tive value of x, each term is positive Hence all the real 
roots are positise By } ^ 10 e an upper bmit to the roots By f 24, any integral 
root w un exact ditiaor of the constant term 15 Henec the mtcgral roots if any oectir 
amntiR ll« numliers 1 3 5 8im«/U)« 8 Iwnotaroot By (U) Siantoot Pro* 
cccding eimilarty with the quotient by x— 3 whose coefficients are the negatives of the 
numbers in the second line of (14) we find that 5 u a root 

EXERCISES 

1 Solve Exa 1*4 of ( 2t by Newton smetbod 

2 Provi. that in extending the process (14) to the general equation (12) wo may 
employ the final equations m 1 15 with r>0and write 

0, o, 0, a» 1 0. I e 

- 6 , - 5 , —61 — h, i —* 11-1 I (diviBor) 

0 — e6, — c5, — f6«_j — e5, ^ 

Here the quotient — h,-i of a, by c is placed directly under a«-t and added to it to 
yield the sum —ebn-j etc 

26 Another Method for lotegral Roots An integral divisor d of the 
constant term is not ft root if d— »i is not a divisor of f(m), where m is 
any chosen integer For, if d is a root of /(*) = 0 then 
/(x)s(*-d) Q(z) 

where Q{x) 13 a polynomial having integral coefficients (§ 15) Hence 
/(m) = (m-d)q where ^ IS the integer Q(m) 
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In the example of § 25, take d =15, m = 1. Since/(1) =8 is not divisible by 15 -1 = 14, 
15 is not an integral root. 

Consider the more difficult example 

* /(a:)=z’-20a:*+164a;-400=0, 

whose constant term has many divisors. There is evidently no negative root, while 
21 is an upper limit to the roots. The positive divisors less than 21 of 400 = 2^5^ are 
d=l,2, 4,8,16,5,10,20. Pirst, takem=l andnotethat/(l) = — 255= — 3-5-17. The 
corresponding values of d - 1 are 0, 1, 3, 7, 15, 4, 9, 19; of these, 7, 4, 9, 19 are not divisors 
of /(I), so that d =8, 5, 10 and 20 are not roots. Ne.xt, take m =2 and note that /(2) = 
—144 is not divisible by 16—2 = 14. Hence 16 is not a root. Incidentally, d=l and 
d=2 were excluded since /(d) jesO. There remains only d=4, which is a root. 

In case there are numerous divisors within the limits to the roots, it 
is usually a waste of time to list all these divisors. For, if a divisor is 
found to be a root, it is preferable to employ henceforth the quotient, 
as was done in the example in § 25. 

EXERCISES 

Find all the integral roots of 

1. z*-2x^-21x^+22x+iQ=0. 

2. y>-9i/»-24y+216=0. 

3. a:<-232’+187a:=-653x+936=0. 

4. 2‘ +47z‘ +4232’ + 140x2 +12132 -420 =0. 

5. 25-34z’+2922+212i-300 =0. 

27. Rational Roots. If an equation with integral coefficients 

(15) Cox"+cix"-^+- . . . +c„_ix+c„ = 0 

has the rational root a/b, where a and h are integers without a common divisor 
> 1, then a is an exact divisor of Cn, and b is an exact divisor of cq. 

Insert the value a/b of x and multiply all terms of the equation by 
5". We obtain 

Coo"+cia"-i6+ . . . +c„_ia6"“’+c„6"=0. 

Since a divides all the terms preceding the last term, it divides that term. 
But a has no divisor in common with 6"; hence a divides c„. Similarly, 
b divides all the terms after the first term and hem e divides cq. 

E.’cample. Find all the rational roots of 


22 »- 722 + 102-6 = 0 . 
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Solution By the theorem, the denonunatt^ of any rational root i u A divisor of 2 
Hence y=2z is an integer Mitltiptying toe tonne of cur equation by 4, we obtain 

»*-7y'+20y 24-0 , 

There is evidently no neptive root By either « the testa in {} 22, 23, an upper bout 
to the positive roots of our equation m x is 1+7/2, so that y<9 Hence the only 
possible values of an integral root p are 1, 2, 3, 4, 0, 8 Since 1 and 2 are not roots, we 
try 3 

1 -7 20 -24 I 3 

-14-8 
0 -3 12 

Henee 3 is a root and the rematniog roots satisfy the equation v*— 4v+d— 0 and are 
2±2i Thus the only rational root of the propowd equation is z-3/2 

If Cq = 1, then and a/&is an integer Hence we have the 

CoROLtAKY Any rationed root o/ an equolton mlh tntegral coe^iaenU, 
that of iht kiqhfgl power of the unhunm being unity, is an tnleger 
Given any equation with integral coefficients 
<ioy*+ej!f"'V . +0,-0 

we multiply each term by Oo*~’> write aad obtain an equation 

(15) with integral coefficicnta, to which the coefficient Co is now unity. 
B) the Corollary, each rational root X la an integer Hence ne need only 
find all the integral roou x and divide them by oo tc obtam all the rational 
roots y of the proposed equation 

Frequently it la sufficient (and of course sunplvrj to set fcy-x, where 
I: IS a suitably chosen integer loss than Og 

EXERasES 

Fiod sll of the rational roots of 

1 ^._^j,i+ijaj,»_405,+9.o 

2 6!('-11j,»+8!;-1»0 

3 108y«-270y»-42y + l-0 |Uset-61 

4 32jr*— Sjr— 1— 0 iVse the least fc | 

5 96y>-16y‘-6y + l-0 fl 24y*-2y»-Sy+l =.0 

7 j,>_^ji_2p+l=0 8 y*-Jj,«+3y-2 = 0 

9 SoIveCxs 2-6byi¥pIacingvby]/x 

Find the equations whose roots are the products of Q by the roots of 

10 v»- 2 y-J -0 11 
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28. Impossible Constructions. We shall prove that it is not possible, 
by the methods of Euclidean geometry, to trisect all angles, or to con- 
struct a regular polygon of 7 or 9 sides. The proof, which is beyond the 
scope of elementary geometry, is based on principles of the theory of 
equations. Moreover, the discussion will show that a regular polygon 
of 17 sides can be constructed with ruler and compasses, a fact not suspected 
during the twenty centuries from Euclid to Gauss. 

29. Graphical Solution of a Quadrate Equatioti. If a and h are con- 
structible, and 

(1) x‘^ — ax+b = 0 

has real coefficients and real roots, the roots 
can be constructed with ruler and compasses 
as follows. Draw a circle having as a diam- 
eter the line BQ joining the points B = 

(0, 1) and Q = {a, b) in Fig. 6. Then the 
abscissas ON and OM of the 'points of inter- 
section of this circle 'with the x-axis are the 
roots of (1). 

For, the center of the circle is (a/2, (b-\-l)/2); the square of BQ is 
a^-l-(6— 1)2; hence the equation of the circle is 

This is found to reduce to (1) when y=0, which proves the theorem. 

When the circle is tangent to the x-axis, so that M and N coincide, 
the two roots are equal. When the circle does not cut the x-axis, or 
when Q coincides with B, the roots are imaginary. 

Another construction follows from § 30. 

29 
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EXERCISES 

Solve graphically 

X i>-6i'+4-0 2 **+3*+4"0 3 i>+5i-4-0 

4 zI-62-4-0 5 6 i«-3j+4-0 

30 Analytic Cntenon for Coostnictibility. The first step m our 
con'uleration of a problem proposed for construction consists in formu- 
lating the problem analytically In some instances elementary algebra 
suffices for this formulation For example, in the ancient problem of 
the duplication of a cube, wc talcc ns a umt of length a side of the given 
cube, and seek the length z of n side of another cube whoso volume is 
double that of the given cube, hence 
(2) 3:*=2 

Rut usually it is convenient to employ analytic geometry as in § 29, 
a point is (leternuned by its coordinates x and y with reference to fixed 
rectangular axes, a straight line is determined by an equation of the 
first degree a circle by one of the second degree m the coordinates of the 
general point on it Hence wc arc concerned with certain ntimbers, 
some being the coordinates of points, others being the coefficients of equa- 
tions, and still others expressing lengths, areas or volumes These num- 
bers may be said to define analytically the various geometne elements 
involved 

CBiTEniON A propoted eonstrvelion is possibU by ruler and com- 
passes i/ and only if the numbers which define analytically the desired geo- 
melne elements can be denivil from those defining (he gnen elements by a 
finite number of rational operations and extractions of real square roots 

Id j 29 we were given the numhcre a and 6 and constructed iinea of lengths 
i(a±Va»-4i) 

Proof First wp grant the condition stated in the criterion and prove 
that the construction is possible with ruler and compasses For, a rational 
function of given quantities is obtained from them by additions, sub- 
tractions, multiplications, and dmsioiis The construction of the sum 
or difference of \o segmenta is obvious The construction, by means 
of parallel lines, of a segment whose length p is equal to the product a 6 
of the lengths of two given segments is shown in Fig 7, that for the quo- 
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tient g=a/6 in Fig. 8. Finally, a segment of length s = ^n may be con- 
structed, as in Fig. 9, by drawing a semicircle on a diameter composed 
of two segments of lengths 1 and «, and then drawing a perpendicular 
to the diameter at the point which separates the two segments. Or we 
may construct a root of a:2—n= 0 by § 29. 



Fig. 7 Fig. 8 Fia. 9 


Second, suppose that the proposed construction is possible with ruler 
and compasses. The straight lines and circles drawn in making the con- 
struction are located by means of points either initially given or obtained 
as the intersections of two straight lines, a straight line and a circle, or 
two circles. Since the axes of coordinates are at our choice, we may 
assume that the y-axis is not parallel to any of the straight lines employed 
in the construction. Then the equation of any one of our lines is 

(3) y=mx-\-h. 

Let ij=m'x-{-h' be the equation of another of our lines which inter- 
sects (3). The coordinates of their point of intersection are 

h'—h mb'—m'h 

^ — 7i V— r. 

m—m m—m 

which are rational functions of the coefficients of the equations of the 
two lines. 

Suppose that a hne (3) intersects the circle 
(x— c)2-f(y— (i)2=r2, 

with the center (c, d) and radius r. To find the coordinates of the points 
of intersection, we eliminate y between the equations and obtain a quad- 
ratic equation for x. Thus x (and hence also mx+h or y) involves no 
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jTTahonality other than a real square root, besides real irrationahties 
present in m, b, c, d, r 

Finally, the intersections of two circles are given by the intersections 
of one of them ivith their common chord bo that this case reduces to the 
preceding 

For example a aide of a rcg:u)ar pentagon insenbed in a circle of radius unity is 
(Ex 2 of j 37J 

(4) ♦-J‘VlO-2v's 

which IS a number of the mentioned in the enterion Hence a regular pentagon 
can be constructed by ruler and eompaascs (see the example above quoted) 

31 Cubic Equations with a Coostructible Root Wc saw that the 
problem of the duplication of a cube led to a cubic equation (2) We 
shall liter show that each of the problems to trisect an angle and to con- 
struct regular polygons of 7 and 9 sides with ruler and compasses leads 
to a cubic equation W e shall be in a portion to treat oil of these problems 
as soon as we have proved the fotloning general result 

Tiiforbu It 13 not pMJiWe lo amslruci mth ruler and compasses a 
tins trhose Un^ith is a root of the nejiabi’e oj a root of a cubic CTuation with 
rahonef eoei^cienie Aoiin^ no rational root 
Suppose that zi is a toot of 

(5) t^+ax^+ffx+y^O (a fty rational) 

such that a line of length xt or ~Zi can be constructed with ruler and com- 
passes we shall prove that one of the TOOLS of (5) 13 rational We have 
only to discuss the case m which is irrational 

By the criterion m |30 since the given numbers in this problem are 
a, 0 rt, all rational xi can be obtained by a finite number of rational 
operations and extractions of real square roots performed upon rational 
numbers or numbers derived from them by such operations Thus xi 
involves one or more real square roots but no further irrationalities. 

As in the ca«e of (4) there may he superimposed radicals Such a 
two-story radical which is not expressible as a rational function, with 
rational coefficients of a finite number of square roots of positive rational 
numbers is said to be a radical of order 2 In general an n-story radical 
IS said to be of order n if it is not expressible as a rational function, with 
rational coefficients of radicals each with fewer than n superimposed 
radicals the innermost ones affecting positive rational numbers 
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We agree to simplify xi by making all possible replacements of certain 
types that are sufficiently illustrated by the following numerical example^ 
If xi involves V3, Vs, and Vl5, we agree to replace VTE by VS- Vs. 
If xi-s—7t, where s is given by (4) and 

t=i\/lO+2V5, 

so that si= Vs, we agree to write xi in the form s— TV s/s, which involves 
a single radical of ord er 2 and no new radical of lower order. Finally, 
we agree to replace v 4— 2V3 by its simpler form Vs — 1. 

After all possible simplifications of these types have been made, the 
resulting expressions have the following properties (to be cited as our 
agreements): no one of the radicals of highest order n in xi is equal to 
a rational function, with rational coefficients, of the remaining radicals 
of order n and the radicals of lower orders, while no one of the radicals 
of order n— 1 is equal to a rational function of the remaining radicals of 
order n — 1 and the radicals of lower orders, etc. 

Let Vfc be a radical of highest order n in xi. Then 

o-f-hV^ 

where a, b, c, d do not involve Vfc, but may involve other radicals. If 
d=0, then and we write e for a/c, f for 5/c, and get 

(6) xi = e+fVk, (/?^0) 

where neither e nor/ involves Vfc. If d?^0, we derive (6) by multiplying 
the numerator and denominator of the fraction for xi by c—dVk, which 
is not zero since y/k = cfd w'ould contradict our above agreements. 

hypothesis, (6) is a root of equation (5). After expanding the 
powers and replacing the square of vT- by k, we see that 

(7) {e+fVkf+a{e-^fVky-\-fi{e+sVk) +7 = A+5Vfc, 

where A and B are certain pol3momials in e, /, k and the rational numbers 
7. ThusA+5Vfc = 0. If Vfc= —A/5 is a rational function, 
with rational coefficients, of the radicals, other than Vk, in xi, contrary 
to our agreements. Hence 5 = 0 and therefore A=0. 

When e—fVk is substituted for x in the cubic function (5), the result 
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IS (ho left member of (7) with VX replaced by — vX, and hence the result 
\sA~B^ ButA = 5»>0 This shows that 

(8) i2-.e-/Vfc 

IS a new root of our cubic equation Since the sum of the three roots 
IS equal to —a by § 20, the third root is 

(9) za**— a— XI— xa^— a— 2c 

Now a IS rational If also e is rationnt,xa is a rational root and we have 
reached our goal Wc next make the assumption that e is irrational 
and show that it leads to a contradiction Since e is a component part 
of the constructible root (6), its only irrationalities are square roots 
Let Vs be one of the radicals of highest onler in e By the argument 
which led to (G), we may write c=c'+/'V5, whence, by (9), 

(9*) X3’-g-\-hVt. (hf^O) 

where neither g nor h involves Vt Then by the argument which led 
to (8), g-hVs IS a root, different from xj, of our cubic equation, and hence 
u equal to Xi or 12 since there are only three roots (| J6) Thus 
g-h>/s‘‘e±fVk 

B> definition V« is one of the radicals occurring in e Also, by (9'), 
every radical occurring m 5 orh occurs in zaand hence in e»J(— a-xj), 
by (9), a being rational Hence VI is expressible rationally in terms 
of the remaining radicals occurring in c and /, and hence in zi, whose value 
IS given by (6) But this contradicts one of our agreementB 

32 Tnsection of an Angle For a given angle A, wc can construct 
with ruler and compasses a line of length cos A or —cos A, namely the 
adjacent leg of a right triangle with hypotenuse unity , formed by dropping 
a perpendicular from a poml m one side of A to the other, produced if 
necessary If it were possible to trisect angle A, 1 c , construct the angle 
A/3 with ruler and compasses wecould os before construct a line whose 
length IS ±cos (A/3) Hence if we show that this last cannot be done 
when the only given geometne elements arc the angle A and a bne of 
unit length, we shall have proved that the angle A cannot be trisected 
We shall give the proof for A = 120" 

Wc employ the ttigonomclne identity 

cos A =4 cos* ^—3 cos ^ 
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Multiply each term by 2 and write x for 2 cos (A/3). Thus 

(10) 3x=2 cos A. 

For A = 120°, cosA = — and (10) becomes 

(11) 3a:+l=0. 

Any rational root is an integer (§ 27) which is an exact divisor of the 
constant term (§24). By trial, neither +1 nor —1 is a root. Hence 
(11) has no rational root. Hence (§ 31) it is not possible to trisect all 
angles with ruler and compasses. 

Certain angles, like 90°, 180°, can be trisected. When A =180°, the equation 
(10) becomes x’—3x=—2 and has the rational root x = l. It is the rationality of a 
root which accounts for the possibility of trisecting this special angle 180°. 

33. Regtdar Polygon of 9 Sides, Duplication of a Cube. Since angle 
120° cannot be trisected with ruler and compasses (§ 32), angle 40° can- 
not be so constructed in terms of angle 120° and the hne of unit length 
as the given geometric elements. Since the former of these elements 
and its cosine are constructible when the latter is given, we may take 
the line of unit length as the only given element. In a regular polygon 
of 9 sides, the angle subtended at the center b}’’ one side is -I- -360° =40°. 
Hence a regular polygon of 9 sides cannot be constructed with ruler and com- 
passes. Here, as in similar subsequent statements where the given 
elements are not specified, the only such element is the hne of unit length. 

A rational root of = 2 is an integer (§ 27) which is an exact divisor 
of 2. The cubes of ±1 and d=2 are distinct from 2. Hence there is no 
rational root. Hence (§§ 30, 31) it is not possible to duplicate a cube with 
rider and compasses. 

34. Regular Polygon, of 7 Sides. If we could construct vdth ruler 
and compasses an angle B containing 360/7 degrees, we could so con- 
struct a line of length x=2cos B. Since 7 £ = 360°, cos3£ = cos4£. 
But 

2 cos 3£ = 2(4 cos^£— 3 cos B) =x®— 3x, 

2 cos 4£ = 2(2 cos2 25-1) =4(2 cos-B - 1)2 - 2= (x2- 2)2 -2. 

Hence 

0=x^—4afi-\-2—{3fl—Sx) = (x—2)(a^+x^—2x—l). 

But 1=2 would give cos B=l, whereas B is acute. Hence 

(12) q;3^^2_2x—1 = Q. 
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Since this has no rational root, tt ts impossible to construct a regular 
polygon of 7 sides with ruler ani compasses 

35 Regular Polygon of 7 Sides sod Roots of Unity. If 

2t , 2ir 
ft=C03Y+tsmY, 


we saw in 1 10 that li, /2®, R*, R\ R*, R® •= 1 give all the roots of y® = 1 
and arc complex numbers represented by the vertices of a regular polygon 
of 7 sides inscnbcd in a circle of radius unity and center at the origin of 
coordinates Bj § 6, 


I 

R 


7 ■ 


2r 

7’ 




2r 

7 


We saw in §34 that 2 cos (2r/7) « one of the roots of the cubic 
equation (12) This equation can be derived in a new manner by utilizing 
the preceding remarks on 7th roots of unity Our purpose is not primarily 
to derive (12) again, but to illustrate some principles necessary in the 
general theory of the construction of tegular polygons 
Removing from y^-» I the factor y— I uc get 

(13) y«+y^+/+y»+y»+y+l -0 

whose roots are R, R", R® Since we know that R+I/R u one of 
the roots of the cubic equation (12), it is a natural step to make the 8ul> 
Btitution 

(14) '■*'5”* 

in (13) After dividing its terms by nc have 

(13') + + 

By squaring and cubing the members of (14), wc see that 

(15) V.+p-«.-2, 

Substituting these values in (ISO. we obtain 
(12) iS+i*-2i-l=0 

That IS, the substitution (14) converts equation (IS) into (12) 
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If in (14) we assign to y the six values B, . . ■ , R^, we obtain only 
three distinct values of x: 

(16) xi =i?+^=i 2 +i 2 ®, X2=R~-\—^=R^~\-R^, 

In order to illustrate a general method of the theory of regular poly- 
gons, we start wnth the preceding sums of the six roots in pairs and find 
the cubic equation having these sums as its roots. For this purpose we 
need to calculate 

a:i-l-X2-|-a:3, xiX 2 -hXiX 3 -l-X 2 X 3 , X 1 X 2 X 3 . 

First, by (16), 

xi-\-X2-\-xz=R-\-R^-\- . . . - 1 - 12 ®== — 1, 
since R, . . . , R'^ are the roots of (13). Similarly, 

xiX2-l-xiX3-|-X2X3=2(/2-hi22-}- . . . +R^) = —2, 

xiX2X3 = 2+R+R^+ . . . - 1 -/ 2 ® = 1 . 

Consequently (§ 20), the cubic having xi, X 2 , X 3 as roots is (12). 

36. Reciprocal Equations. Any algebraic equation such that the 
reciprocal of each root is itself a root ol the same multiplicity is called a 
reciprocal equation. 

The equation — 1 =0 is a reciprocal equation, since if r is any root, l/r is evidently 
also a root. Since (13) has the same roots as this equation, with the exception of unity 
which is its own reciprocal, (13) is also a reciprocal equation. 

If r is any root of any equation 

/(y)=y”+ • • • +c=o, 

l/r is a root of /(l/y ) =0 and hence of 

If the former is a reciprocal equation, it has also the root l/r, so that every 
root of the former is a root of the latter equation. Hence, by § 18, the 
left member of the latter is indentical with 0 /( 7 /). Equating the constant 
terms, we have = 1, c = ± 1. Hence 

j/"/@-±/(y). 


(17) 



COS’STRUCTIONS WITH BVLER Al/D COMPASSES ICs UI 


Thus if 13 a tPrm otf(y), also ±p^ is a term Hence 
(18') *±v^)+ .... 

If n IS oif<f, n=2/+l, the final term is ydzl is a factor 

of f{y) la view of (17), the c\uotieat 

Q{lf) 


has the property that 


M 

v±i 




■:Q(y) 


Comparing this with (17), which implied (18'), we see that is 

a reciprocal triuation of the tjpe 


(18) ir‘+l+c,(i,«-'+y)+e2(tf*"*+ii*)+ +fi-ify'+‘+2^'')+c.y'=0 

If n IS even, n»2t, awl if the upper sign holds in (17), then (18') is 
of the form (18) Next, let the lower sign hold in (17) Since a term 
p,y‘ would imply a term -p,'/, wc have ^<=0 The final term m (18') 
IS therefore p, ify***— i^"') Hence J{y) has the factor y®— 1. 'The 
quotient 7{y)«/(y)/(!/®- 1) has the property that 


ir‘’?Q)s«(y) 

Comparing this with (17) as before, we sec that 9(y)*0 » of the form 
(18) where now 2l“n-2 Hence, at least after removing one or both 
of the factors t/±l, any reciprocal eifuation may beguen the form (18) 

The method by which (13) was reduced to a cubic equation may be 
used to reduce any equation (18) to an equation m z of half the degree. 
First, we divide the terms of (18) by and obtain 

+< i _,(„+ l )+.-0 

Next, we perform the sul»titution (14) by either of the following methods 
We may make use of the rebtion 




to compute the values of y*+l/y* in terms of z, starting with the special 
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cases (14) and (15). For example, 

—x{3? — Zx) — {ii?—2)=3l^—Ai?-\-2 

Or we may employ the explicit formula (19) of § 107 for the sum y^+l/y^ '' 
of the Arth powers of the roots y and 1/y of y‘^—xy+l=0. 

37. Regular Polygon of 9 Sides and Roots of Unity. If 

„ 27r . 2ii- 

R = cos sin 

the powers R, RF, R^, R7, R^, are the primitive ninth roots of unity 
(§ 11). They are therefore the roots of 

(19) ^ = ,/+y3 + l=0. 

Dividing the terms of this reciprocal equation by y^ and applying the sec- 
ond relation (15), we obtain our former cubic equation (11). 

EXERCISES 

1. Show by (16) that the roots of (12) are 2 cos 2^/7, 2 cos 4Tr/7, 2 cos Qv/7. 

2. The imaginary fifth roots of unity satisfy y*-\- 
J/’+!/’+»/+l=0, which by the substitution (14) be- 
comes x’-f-s— 1=0. It has the root 

ij+i=2cos|=i(V^-l). 

In a circle of radius unity and center 0 draw tw'o per- 
pendicular diameters AOA', BOB'. With the middle 
point M of OA' as center and radius MB draw a ( ircle 
cutting 0.1 at C (Fig. 10). Show that OC and BC 
arc the sides sw and sj of the inscribed regular decagon 
and pentagon respectively. Hints: Fig. 10 

Jl/JS = ^V5, OC = l(V5-l), HC=Vl-fOC==iV'lO-2V5, 

Stt 

Sio=2 sin 18° =2 cos — =OC, 

5 

Si’ = (2 sin 36°)==2^1-cos— =-(10-2V5), 

\ 5/4 






40 CONSTRUCTIONS WITB RULER AND COMPASSES ICh IH 

3 If i! 13 s root of (19) verify aa tt the end of 1 33 that fJ+fi*, fl’+fP, and B‘+S* 
are the roots of (11) 

4 Bence ehov that the roots of (11) are 2 eos 2r/9, 2 coa 4r/9, 2 cos 8r/9 

5 Reduce y"-l to an equation of degree Sin * 

6 Solvev*“79*+V*~y’+79'"l“®*’y**‘i*'^ (Onetootisll 

7 After finding so casQy in Chapter I the tngonometns forms of the oomplez toots 
of unity, why do ve nov go to so much additamal trouble to find them algebraically? 

8 I^ve that every real root of cati be eonstnicted mth ruler and 

compasses, pven lines of lengths a and h 

9 Show that the real roots ol 2»— ya— g»0 are the abeciaaas of the intersections 
of the parabola and the circle through the ongm «ith the eenter (j?, }+}p) 

Prove that it is impoai^le vnth ruler and compasaea 

10 To construct a straight hne representing the distanee from the circular base 
of a hemisphere to the parallel plane which biseela the hemisphere 

11 To construct tinea representing the lengths of the edges of an existing rectangular 
parallelopiped havmg a diagonal of length 8, surface am 24, and volume 1, 2, 3, or 6 

12 To trisect an angle whoee eoaine is ), ). ), ) or p/j, where p and ; (;>1) are 
integers without a common factor, and go not dinaible by a cube 

Prove algebraically that it is possible, mth niUr and compassea 

13 To trisect an angle whoee coeine is (lo*— 3isi*)/h', where the integer a is numet' 
leaOy teea than the mtegeri, for example, cos**' U/16 do-— 1, &>>4 

14 To construct the logs of a right triangle givei, lU area and hypotenuse 

15 To construct the third side of a tnaugK given two aides and its area 

15 To locate the point P on the side £C«1 of a given square ABCD such that 
tu straight line A P cuts DC produced at a pout Q for which the length of PQ is a given 
number t Show that la a toot of a noproca) qnartic equation, and eciva it 
when y-10 

38. The Periods of Roots of Unify. Before taking up the regular 
polygon of 17 sides, we first explain another method of finding the pairs 
of imaginary seventh roots of uuty R and if®, if* and if®, and R*, 
emploj'cd in (16) To this end we seek a positive integer g such that 
the SIX roots can be arranged m the order 

(20) R, if, if*, if, ifv, Rr*, 

where each term is the gth power of its predecessor Trying =2, we find 
that the fourth term would then be R*=R Hence g;^2. Trymg p=3, 
we obtain 

(21) if, if®, if*, if®, R*, R«, 
where each term is the cube of its predecessor. 
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To define three ■periods, each of two terms, 

(16') R^+R\ 

we select the first term R of (21) and the third term R^ after it and add 
them, then the second term R^ and the third term R^ after it, and finally 
and the third term R^ after it. 

We may also define two periods, each of three terms, 

Z2 = R^+R^+R^ 

by taking alternate terms in (21). 

Since zi+ 2 i= —1, Zi22=3+i2+ • • ■ +12'=2, zi and zj are the roots of.z“+z+2>=0. 
Then R, R^, R* are the roots of lu’— zitu^+zito— 1 = 0. 

39. Regular Polygon of 17 Sides. Let be a root of 
Then 

. +72+1=0. 

XL— 1 

As in § 38, we may take gr=3 and arrange the roots 72, ... , 72^® so that 
each is the cube of its predecessor: 

R, 123,728, 7210, 1213, 22®, R\ R\ R^^, R^, 12®. 

Taking alternate terms, we get the two periods, each of eight terms, 

2/1 = 12+120+1213+1213+1216+728+724+722, 
2/2=123+7210+725+7211+7214+727+7212 +72®. 

Hence 2 /i+J/ 2 = —1. We find that 2/12/2=4 (12+ . . . +12io) = — 4. Thus 
(22) 2 / 1 , 2/2 satisfy 2 /^+ 2 /— 4 = 0. 

Taking alternate terms in 2 / 1 , we obtain the two periods 
21=12+1213 +7210+124, 22=120+7215 +728+122. 

Taking alternate terms in 2 / 2 , we get the two periods 

101=123+125+7214 + 7213, 102 = 7210+ 7211+727+72®. 

Thus 2 i+z 2 = 2 /i, 101 + 102 = 2 / 2 - We find that 2122 = 101102 = — 1 . Hence 

(^^) zi, 22 satisfy z^— 2 / 12 — 1 = 0, 

( 24 ) IV i, W2 satisfy lo^— 2/210 — 1 = 0 . 
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Taking alternate terms in aj, tre obtain the periods 

= I>2=K'3+fl*. 

Now, tn+t^ = ?i, fiy2 = tii Hence 

(25) ii, 13 Balisfj t^—ziv+wi^O, 

(26) It, fi** satisfy p‘—vip+ 1“0 

Hence nc can find R b> solving a Bcrica of quadratic equations Which 
of the sntwn values of R we shall thus obtain dejiends upon which root 
of (22) us called 1/1 and which y^, and smiilarlj in (26)-(2G) e shall now 
show what choice n to be mavlc m cech such cisc in order that we shall 
finally get the value of the particular root 

» 2r . 2r 
«=cos j^+*sin jy 

Then 

i-cos|r-.s,„| .,=B+t.2co.|, 

Hence Pi>i'2>0, and therefore«i = p|+V2>0 Similarly, 

'».“fi“+ij + B>+^,-2cos5l+2co!^=2cos5r-2e„s^>0, 

»-2cosj|+2 tO!'^+2cos^+2(os^<0, 

since only the first cosine in yz is positive and it is numerically less than 
the third Butt/iyj=-4 Heiicei/i>0 Thus (22)-(21) give 

2i = iVi+'^l+lVi^i uii^Jys+vTfl^ 

We may readily construct segments of these lengths Evidently 
Vi? IS the length of the bjpotenusc of a right triangle whose legs are of 
lengths I and 4, while for the radical in 2| we employ legs of lengths 1 
and ^yi tVe thus obtain segments representing the coefficitnts of the 
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quadratic equation (25). 
larger root is 


Its roots may be constructed as in § 29. The 


o 2ir 
VI =2 cos 


Hence we can construct angle 2TrjV7 with ruler and compasses, and there- 
fore a regular polygon of 17 sides. 


40. Construction of a Regular Polygon of 17 Sides. In a circle of 


radius unity, construct two per- 
pendicular diameters AB, CD, 
and draw tangents at A, D, 
which intersect at S (Fig. 11). 
Find the point .F in for which 
AE=\AS, by means of two bi- 
sections. Then 

AE=l, OF=iVT7. 

Let the cuxle with center E 
and radius OE cut AS at F and 
F’. Then 


B 



AF = EF—EA = OE—\=\yi, 

AF'^EF'+EA=^OE+\ = -§ 1 / 2 , 

OF = VOA^ 4-.4F2 = V OF' = VH-i^. 

Let the circle with center F and radius FO cut A<S at H, outside of F'F; 
that with center F' and radius F'O cut AS at H' between F' and F. Then 


AH — AF-i-FH —AF-{-OF =^zi, 

AH' = F'H' - F'A = OF' - AF' = wi. 

It remains to construct the roots of equation (25). This will be done 
as in § 29. Draw HTQ parallel to AO and intersecting OC produced at 
T. Make TQ=AH'. Draw a circle having as diameter the line BQ 
joining R = (0,1) with Q = {zi,wi). The abscissas ON and OM of the inter- 
sections of this circle with the a;-axis OT are the roots of (25). Hence 
the larger root Vi is OM = 2 cos(27r/17). 
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Let the perpendicular bisector LP of Oil cut the initial circle of unit 
radius at P Then 

cosIOP-Oi-cos^, “P-ff 

Hence the chord CP 13 a side of the inscribed regular poljgon of 17 
sides, constructed with ruler and compasses 

41 Regular Polygon of n Sides If n be a prime such that n— 1 is 
a power 2* of 2 (as is the case when 5, 17), the n— 1 imaginar> nth 
roots of unitj can be separated into 2 sets each of 2*"' roots each of these 
sets subdivided into 2 sets each of 2*"* roots, etc , until we reach the pairs 
U, VP and R^, 1/P*, etc and in fact • m such a manner that we have a 
sc’ies of quadratic equations the coefficients of anj one of which depend 
only upon the roots of quadratic equations preceding il in the series 
Note that this was the case for n = l7 and for n=-5 It is in this manner 
that it can be proved that the roots of 1 can be found in terms of 
square roots, so that a regular polygon of n sides can be inscribed by ruler 
and compasses, provided n be a pnmc of the form 2*+ 1 

If rt be a product of distinct prunes of this form, or 2* times such a 
product (forexample, n- 15 30or6) orif n-2"(m> 1), it follows readily 
(see Ev 1 below) that we can inscribe with ruler and compasses a regular 
polygon of R sides But this is imnossible for all other values of n 
EXERCISES 

1 If a and 6 are rebUvely prune aunibers to that thru greatest c«mmon divisor 
IS unity we can find integers e aad <1 such thstae4-M>l Show that if regular po)y> 
gons of a and It sides can be constructed and hence aogics 2r/a and 3r/t, a regular 
poljgon of a 6 tides can be derived 

2 If IS a prime, A IS a power of 2 ForA—Z* 2‘ 2' 2* the values of p 

are 3 5 17 257 and are primes |bhow that A cannot have an odd factor other than 
unity 1 

3 For 13th roots of unity find the least g 33> write out the three penods each 
ol four terms and find the cubic equation having them as roots 

4 For the primitive ninth roots of onity find the least g and write out the three 
periods esrh of tivo terms 

Solve the following reciprocal equations 

5 y‘+4s*— 3y’+4y+l=0 6 p* — 4jr‘+y*+y’ — 4y+l =0 

7 2si*-V+V'-V’+^S-2-0 8 

' See the author s article Construrtioiis with ruler and compasses, regular poly^ 
gons m Monographs on Toput of Modem Matkemalv^, Longmans, Green and Co , 
1911 p 374 
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Solution of Cubic and Quartic Equations; Theiu Discriminants 

42. Reduced Cubic Equation. If, in the general cubic equation 

(1) :^+hx^+cx+d=0, 

we set x=y—b/S,we obtain the reduced cubic equation 

(2) 1/^+?)2/+q=0, 

lacking the square of the unknown y, where 

62 bc,2W 

(3) P = =-3, 9-<I-3+27- 

After finding the roots j/i, 2 / 2 , 2/3 of (2), we shall know the roots of (1); 


(4) 


a:i = 2/i-Q: 


3’ 


X2=2/2— g, a:3 = 2/3— g. 


43. Algebraic Solution of the Reduced Cubic Equation. We shnll 
employ the method which is essentially the same as that given by Vieta 
in 1591. We make the substitution 

(5) 

in (2) and obtain 


V 


23- 


2723 


■fq=0, 


since the terms in 2 cancel, and likewise the terms in I/ 2 . Thus 


( 6 ) 


26 + g23-|^ = 0. 


Solving this as a quadratic equation for 23, we obtain 
(7) 23=-|±VR, 

45 


-I +1- 



46 CUBIC A^D QUARTIC EQUATIOVS ICb IV 

By § 8, any number has three cube roots, two of which are the products 
of the remaining one hy the imaginary cube roots of unity 
( 8 ) 

We can choose particular cube roots 



such that AB= -p/3, since the product of the numliers under the cube 
root radicals is equal to (—p/3)* Hence the si^ values of rare 
A, <i>A, Bf uB, u^B 

These can be paired so that the product of the two in each pair is —p/3 
AB--^ ^A 

Hence With any root c 13 paired ft root equal to -p/(3r) Bj (5),thcBum 
of the two is a value of y Hence the three values of y are 
(10) Vi"^'^^ V2“«A+«*B, 

It 13 eas> to verif> that these numbers are actually roots of (2) For 
exanvple since u* = 1, the cube of yi is 

A» i-Ii^+Su>A^B+3<^A B*- - q-p(wA + t^B) - - ?-pjtt. 
by (9) and AS* -p/3 

The numbers (10) arc known os Corrfen t formulas for the roots of a 
reduced cubic equation (2) The expression A + B for a root was first 
published by Cardan in his A** Magna of 15'15 although he had obtained 
it from Tartaglia under promise of secrecy 
Ex*MrvE SoWe V*— tSy— 126»0 
St^ulion The substitution (6) 19 here )f»z-t-9/2 tteget 
**-I26z*+12o-0 *> = lorl2o 

The ps rs of values of t whose product is 6 are 1 and 5 u and 5w', w* and 5w Tbeu 
sums C u+5u* and w’+9w give the three roots 

EXERCISES 

Solve the equations 

1 8*-l8i<+39-Q 
3 »‘-2p+4-0 


2 i*+6i‘+2a+18=0 
4 23i«+9z‘-l«0 
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EXERCISES 

(In Exs. 1-35, E is a perfect square.) 

1 . 6 = 0 , A7is. — — 

2. )/’— 9y— 12 = 0, Am. as in Ex. 1 with all signs +. 

3. y’-6i/-6=0. 4. j/’ + 18r/+6=0. 5. y’+15t/-20=0. 

6. y’-15»/-30 = 0. 7. 2/’+21 i/-42=0. $■ y’+12i/+12 = 0. 

9. y’-12i/-20=0. 10. j/’-18i/-30=0,Ans.A» = 18, 5^ = 12. 

11. y’+187/-30=0. 12. j/’+30i/+30=0. Am. 4= = 20, -50. 

13. i’-9xJ-9x-15=0. 14. i/»+ 67/+2=0, 4ns. 4» = 2, B’= -4. 

15. x’-6z’-4 = 0. 16. 2 /’+ 36 y+ 12 = 0 , 4ns. 4.’=36,B’= -48. 

17. x»-3x2-18i-36=0. 18. i/’ + 18i/+15=0,4ns. 4=Ay9, E=-2^3. • 

19. x’-6x2-12x-8=0. 20. j/’+42i/+7=0, 4ns. 4 = -^, 5= -2^. 

21. x’ -6x2 -6x- 14 = 0. 22. {/2+122/-30=0, 4ns. 4 =2v/4, B= --^^2. 

23. j/>- 12!/-34=0. 24. 2/2+18?/+50=0, 4ns. 4 = >^4, E= 

25. 2/2+30!/+15=0. 26. ?/’-18t/-110=0, 4ns. 4 =3v/4, E = -«^. 

27. v’- 18!/-75 = 0. 28. j/2 + 18y-69=0. 29. j/2-18i/-33 = 0. 

30. 2/2 -soy -65 = 0. 31. y^+5iy-9=-0. 32. 2/’ +66?/- 33 =0. 

33. 2/’-3%-f(l+/c2)=0. 34. 2/’-3s<2/-sl(s+0=O. 

35. 2/2+3i(i2/+2wte = 0, w=u-—v^, tt and v arbitrary. 


EXERCISES ON QUARTIC EQUATIONS 
Factor the following functions or solve the corresponding equations. 

I. Quartics having two real and two imaginary roots. 

1. x*+12x— 5, 4ns. x2+2x — 1, x*— 2x+5. 

2. x‘+32x-60. 3. x<-2x2-8i-3=0,4n5. 1±V^, -ld=\/^. 

4. x*-2i2+12x-8. 5. x*-6x2+12x-8. 6. x<-3x2+10x-6. 

7. x‘-4x2+8i-4. 8. x*-x2+10x-4. 9. x‘-2x2+8i-3. 

10. x*-10x2+16x+5. 11. x<-12i2+24i-5. 12. x*-9x2+20x+6. 

13. x<-8x’-+24x+7. 14. x*-10x2+32x-7. 15- a:2-llx2+28x-6. 

16. x‘-7x2+28i+8. 17. x<-9i2+36x-8. 18. x*-9x2+12x+10. 

19. x<-7x2+14x-10. 20. x2-x2+14x-10. 21. x*-13x2+28x-10. 

22. i‘+5x2+22x— 10. 23. x«-25x2+54x+10=0, 4ns. 3±?, -3 r\/8. 

24. x*-8x2+16x+12. 25. x<-3x2+14x-12=0, 4ns. 1±V^, -l±\/7. 

26. i*-8x2+16x-12. 27. x‘-5x2+14x-12=0, 4ns. -liVs. 

28. x'-5x2+18i-20. 29. x*-3x2+18x-20=0, 4ns. l±2t, - 1 ±V 5 . 

30. x<-4x2+20x-25. 31. x‘-x2+2x-l=0, 4ns. -J(1±V^), 
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II Quartics kaviDg four mota 

32 f*-16j*-ai-I 23 »‘-36*H12r--l 34 2‘-13 i*+4j+2 

35 i‘-7i*+2i+2 36 **-33*»+5i+2 37 i'-35i>+18z-2 

3S **-15i»-l2r-2 33 **-t9Jt*+ie+2 40 i«-37z‘+18*-2 

41 s*-20i»+8*+3 42 i*-32»*+l2*+3-0, 3±'\/5. -3±v/S 

43 «‘-9j‘- 6«+4 44 **-2li»+i2*+4-0, -4fM 2±v/3, -2±>/S 

45 2‘-10j*- 8*+5 4fi a*-«J»+2a*+6-0,Anj 2±VS, -2iV^ 

47 i*- 2U*+42+6 48 **-28r»4-362+7-0M*« 3±-v/2, -3±VS 

49 *‘-lth»-42+8 60 **-llx»-Rt+10-0MM -1±V^ 

51 i*-23x»+4x+12 82 *‘-24x»+16z+12-0Mw 2±V^, -2±-v/II3 

63 **-27*>+30x+U 64 i«-2St*+l2r+18-0,Xn* 2±\/7, -2±v/I5 

III QuarticsbaviDg/ourireagiDaryroota 

55 *»+i«- 22+8 66 i‘+2x*-4r+8 67 *‘+3x*+6r+30 

58 2*+a2*+2j+12 59 2*-»-42»+4 x+ 1S 60 *«+Si*4-2i+20 

61 i‘+8x*+:6x+20 63 *‘-Sx*-4i+30 63 »‘+9 i'+I4j+30 

64 *‘-4x*-8jr+35 65 *‘-3r*'l2x+40»0, .4w 2*». -2±2» 

66 *«-3*«+4t+42 67 *‘+lOxHl2t+40-0. <ttu l*3t, 

65 z<'> 22*+8«+48 69 ««-flU'4-10x-f50-D, .4« lak3>, -ld;2> 
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44. Discriminant. The product of the squares of the differences of 
the roots of any equation in which the coefficient of the highest power of 
the unknown is unity shall be called the discriminant of the equation. 
For the reduced cubic (2), the discriminant is 

( 11 ) {yi-y2f{yi-ysY{y2-yzY= 

a resvAt wbicia should bo nvcm.orixod irv view of its important applications. 
It is proved by means of (10) and £o® = l, cu^+w+l = 0, as follows: 

yi — 1/2 = (1 — — “*-S), yi — 1/3 = (1 ~ (-4 — «5), 

y2-y3 = (w— to^) (4— 5), 

(1 — co)(l — <o^) =3, u>—(J^—y/Zi. 

Since 1, w, o? are the cube roots of unity, 

(a:— l)(a:— w)(x— ft)2)=x3 — 1, 

identically in x. Taking x=A/B,we see that 

(4 - 5) (4 - uB) (A - uPB) = - £3 = 2y/R, 

by (9). Hence 

(yi - y 2 ) (yi - yz) (ya - yz) = 6 V3 VI i. 

Squaring, we get (11), since — 108ii= — 4p3— 27g3 by (7). For later 
use, we note that the discriminant of the reduced cubic is equal to — 108 R. 

The discriminant A of the general cubic (1) is equal to the discriminant 
of the corresponding reduced cubic (2). For, by (4), 

a:i-xa=yi-y2, rz-xz^yi-y^. 

Inserting in (11) the values of p and q given by (3), we get 

(12) A==186cd-463d+62c2-4c3-27d2. 

It is sometimes convenient to employ a cubic equation ^ 

(13) ai’+6a:-+ci+d=0 (o^^O), 

in which the coefficient of x’ has not been made unity by division. The product P 
of the squares of the differences of its roots is evidently derived from (12) by replacing 
b, c, d by b/a, c/a, d/a. Hence 

(14) fl<P = 18 abcd—4bV+b^c^—iac‘—27a-d^. 

This expression (and not F itself) is called the discriminant of (13). 
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46 Number of Real Roots of a Cubic Equation A cubic equalton 
uit^ rcaf cotj^aciits three distinct real roots tf its rfiscnminant A ts posifiue, 
a single real root and two conjugate tmaginari/ roots if A ts negative and at 
least lu 0 equal real roots if A is sera 

If tlw; roots ii is la arc all real aiwl disttnet the square of the differ- 
ence of anj two IS positiic and hence A is pcMitivc 

If ii and i2 arc conjugate imnginanc^ and hence 13 is real (§ 21), 
fit -Iritis negative Sinceii—13 and is—ij arc conjugate imaginaries 
thetr product is positive Ilcnce A is negative 

If ii=ra A IS *ero If xt were imaginary its conjuga'c would be 
equal to 13 l> 1 21 and Xt would be the roots of a real quadratic 
equation The reniammg factor f—xi of the cubic would have real 
coefficients whereas 11 = 72 is imaginary Hence the equal roots must 
be real 

Our theorem now follows from these three results by formal logic 
For cxatiipli if A is positive the roots are all real and distinct since 
otlierwist either two would lie imiginary and A would bo negative, or two 
would be equal and A would be lero 

SXERCISCS 

Compute the d scnminii it and 6n«l the number of rent roots of 
1 y‘-2j 4-0 2 y» 15/+4-0 

3 y'-27ir+S4-0 4 x*+4r»-lU+6-0 

S Sh w I y mevns of $ '’I that n double root of • rcat cub c is rc&l 
46 Irreducible Case When the roots of a real cubic equation arc 
all real and distinct the disonnunant A is p<»ittve and 12= -A/108 is 
negative so that Cardan s formulas present the values of the roots in a 
form involving culw roots of iinaginarios This is called the irreducible 
case Einee it maj bi shown that a cube root of a general complex number 
cannot be expressed in the form 0+61 witre a and b involve only real 
radicals' Wide we cannot always find those cube roots algebraically, 
wc have learned how to fine! them fngonometneaU) (§ 8) 

Example Solve the r 1 c eriunt on (2) when p— —12 — 8\^2 

AiJfuliOTi By (7) /i-— J"* JUnee formulM (9) bceomc 

A = \^AV2+4y/2t ff-V'4v'2-4V^» 

'AulborsElemrnlaryTJteeryflfEjuafwn* pp 35 36 
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rhe values of A were found in § 8. The values pf B are evidently the conjugate imagi- 
naries of the values of A. Hence the roots are 

4 cos 15°, 4 cos 135°, 4 cos 255°. 


EXERCISES 


1. Solve y3_l5j,+4=0. 2. Solve y>-2y-l=0. 

3. Solve 2/’-7t/+7=0. 4. Solve z’+3z=-2j: -5=0. 

5. Solve a;’+a:’“2x—l =0. 6. Solve x’+4x’— 7=0. 


47; Trigonometric Solution of a Cubic Equation with A>0. When 
the roots of a real cubic equation are all real, i.e., if E is negative, they 
can be computed simultaneously by means of a table of cosines with much 
less labor than required by Cardan’s formulas. To this end we write 
the trigonometric identity 


cos 3 A = 4 cos^A — 3 cos A 


in the form 

2 ^ — fz— f cos 3A =0 (z = cosA). 

In the given cubic y^+py+q — 0 take y—m; then 


z3+-^z+-3 = 0, 
n‘‘ rA 


which will be identical with the former equation in z if 

cos 3 A = — vClp3/27. 

Since /?=p3/27+q°/4 is negative, p must be negative, so that n is real 
and the value of cos 3A is real and numerically less than unity. Hence 
we can find 3A from a table of cosines. The three values of z are then 

cos A, cos (A +120°), cos (A +240°). 

Multipljdng these by n, we obtain the three roots y correct to a number 
of decimal places which depends on the tables used. 


EXERCISES 

1. For )/’— 2y— 1=0, show that n*=8/3, cos 3A = V'27/32j 3A=23°17'0" 
cos ^1=0.99084, cos (.4+120°) = -0.61237, cos (4 +240°) = -0.37847, and that the 
roots y are 1.61804, -1, -0.G1S04. 

2. Solve Exs. 1, 3, 4, 5, 6 of § 46 by trigonometry. 
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48 Feiran’s Solution of the -Quattic Equation The general quartic 
equation 

(15) r‘+fca:®+«2*+‘tc+e=0 

or equation of degree four, becomes after transposition of terms 
i*+6*3 = -ct®-<fx-r 

The left member contains tuo of the terms of the square of 
Hence bj completing the square, we get 

(z2+}5 T^{\l^-c)^-dx-e 
Adding (2"‘4- j6z)y+}v® to each member, we obtain 
(IG) (*HJ6i+iy)»=(lh*-c+y)x»+(}6y-d)r4-ly2-c 

The second member is a perfect square of a linear function of a: if and 
only if Its discriminant is zero (5 12) 

(i(,y-d)i-4(i62-c+v) (V-e)=0, 

which ma> be written m the form 

(17) y3-ey*+(M-4e)y-62e+4«-d»-0 

Choose any root y of this resofwnt cvbic efiuation (17) Then the 
rightmembcrof (10) IS thesquareofahnesr function saymx+n Thus 

(18) *®+i6j:+§y“mx+n or a:*+j6x+iy- -mx— n 

The roots of these quadratic equations are the lour roots of (16) and 
hence of the equivalent equation (15) This method of solution is due 
to Ferrari (1522 1565) 

Fxawfle Solve i*+2z>— 12 j»— IO x+3-0 
Solulwn llCTeb“2 e“— 12 (!«•— 10 ««3 Hence (17) becomes 
ir*+12y*-32v-25e-0 

which by Ex 2 of §21 bu the root {i» —4 Our quart c may be writteo m the form 
(»*+i)>-13i'+I0«-3 

Adding (I'+z) (“4)+4 to each menber we get 

{i>+i-2)»-9i*+8x+l-=(3z+l)* 
i»+*-2-±(3*+l) x»-2z-3=0orz>+4i-l=0 

whose roots are 3 —1 — 2±V5 As a check note that the sum 


of the roots is —2 
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EXERCISES 

1. Solve x*-8x’‘+Qx^+8x-W=0. Note that (17) is (y-9) ( y^-24.) =0. 

2. Solve x<-2z’-7a:2+8i+12=0. Since the right member of (16) is (S+y) (x^—x) 
+|i/'-12, use y=-8. 

3. Solve x<—3z’+6x— 2=0. 

4. Solve X*— 2x^— 8ar— 3 =0. 5. Solve x‘—10x“—20x— 16=0. 

49. Roots of the Resolvent Cubic Equation. Let i/i be the root y 
which was employed in § 48. Let xi and X 2 be the roots of the first 
quadratic equation (18), and X 3 and X 4 the roots of the second. Then 

xiX 2 = hyi—n, X3X4=iyi+n, xiX2+X3Xi = yi. 

If, instead of yi, another root 2/2 or 2/3 of the resolvent cubic (17) had been 
employed in § 48, quadratic equations different from (18) would have 
been obtained, such, however, that their four roots are Xi, X 2 , xs, Xi, paired 
in a new manner. The root which is paired with xi is a ;2 or xs or x^. It 
is now plausible that the values of the three y’s are 

(19) yi=XlX2+X3Xi, y2=XiX3+X2Xi, y3=XiXi+X2X3. 

To .give a more formal proof that the y’s given by (19) are the roots 
of (17), we employ (§ 20) 

a:i+X2+a:3+a:4 = — h, xiX2X3+xiX2Xi+xiX3Xi+X2X3Xi ——d, 

X 1 X 2 +X 1 X 3 4-a;iX4 + 2 : 23 : 3 +X 2 Xi+X 3 Xi = c, 2 : 12 : 22 : 32:4 = c. 

From these four relations we conclude that 

2/l+l/2+2/3 = C, 

1/11/2+2/12/3 + 2/22/3 = ( 2 : 1 +2:2+X3 + 2:4)(2:iX22:3+ . . . +X22:3X4)-4XiX2X3X4 

= bd—4e, 

1/11/22/3 = (XlX2X3+ . . . )^+XiX2X3X4{(Xi+ . . . )^ — 4(xiX2+ . . . )} 

=d2+e(62-4c). 

Hence (§ 20) 2 / 1 , 2 / 2 , 1/3 are the roots of the cubic equation (17). 

60. Discriminant. The discriminant A of the quartic equation 
(15) is defined to be the product of the squares of the differences of its roots; 

A = (xi - X2)2 (xi - xs)^ (xi - X4)2(X2 - Xs)^ (X 2 — XiY{X 3 -Xi)^. 
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The fact that A i3 equal to the discrimmant of the resolvent cubic 
equation (17) follows at once from (19), by which 

Vi -»/2« (ii -ar4)(i2-*3), yt-t/s== (xi-X3)(x2-X4), 

V2 - V3 = (a^i - *2) (»3 (Vi - - w)* (j/z - 1/3)* = A 

Hence (§44) A is equal to the dtscnminant — 4p®— 27g* of the reduced 
cubic l^+pF+7=0 obtained from (17) by setting y=V+c/3 Thus 

(20) p=M— 4e-le*, 6*e+J6cd+fcc— d*— 

TiiEontM The discnmirumt of an® Quarfie e^ualion (15) ts eguaf lo 
(he discnminaTit of tin resoIverU eufne egualton and therefore ts equal to Ike 
djscrtminanl -4p’''— 275“ 0/ the carrespondinj^ reduced cubic y’+pF+?=0, 
ickose eoej/ieients hate the talves ( 20 ) 

EXERCISES 

1 Find the disrrtmioant of «*— 3e*4'x'4’3e— 2'>0 and thow that the equation 
has a m iltiplo root 

i Showbyita dncriminant that <*—Sx'-f22x'-21x49-0 has a multiple root 

3 If a real quartie equation has tao pairs of conjugate imaginary roote show that 
Its diaenmmant 0 ts positive Hence prove that li a<0 there are exactly two real 
roots 

4 lienee show that ** -S*‘ +3i* -ax +2 *0 has two real and two imagmsry roots 
61 Descartes’ Solution of the Quartic Equabon Replacing x by 

e-b/4 m the general quartic (15), we obtain the reduced quartic equation 

(21) r*+q2*+rs+«-0 

lacking the term with ^ We shall prove that we can express the left 
member of (21) as the product of two quadratic factors 

(r®+2Jcz+f)(i*— 2fei+m)=z* + (l+m— 4k*)z"+2k(m— t)2+Em 
The conditions are 

f+OT— 4l*=g, 2k(m— l)=r, lm=3 

If the first two give 

Inserting these values in 21 2n»=4s, we obtain 

(22) 04i«+32gfc*+4(®*-4s)it»-r*=»0 
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The latter may be solved as a cubic equation for kr. Any root 
gives a pair of quadratic factors of (21) : 

(23) 22±2i:3+i?+2fc2=F^. 

The four roots of these two quadratic functions are the four roots of (21). 
This method of Descartes (1596-1650) therefore succeeds unless ever^^ 
root of (22) is zero, whence q=s=r=0, so that (12) is the trivial equation 
z^=0. 

For example, consider 2 *— 32-+6z— 2=0. Then (22) beeomes 
64fc' -3 • 32fc< +4 • 17 k- -36=0. 

The value = l gives the factors 2^+22—!, z-—2z-\-2. Equating these to zero, we 
find the four roots — l±'v/2, 1±V — 1 . 

62. Symmetrical Form of Descartes’ Solution. To obtain this sym- 
metrical form, tve use all three roots ki-, k^-, ks- of (22). Then 

ki^+k2^+k3^ = -iq, 

It is at our choice as to which square root of ki^ is denoted by -f fci and 
which by —k\, and likewise as to dzfca, ±ks. For our purposes any 
choice of these signs is suitable provided the choice give 

(24) fclfc2fc3 = -g. 

Let kiT^O. The quadratic function (23) is zero for k=ki if 
iz±kir- = 32^8^3 ^ (^^^^3)2. 

Hence the four roots of the quartic equation (21) are 

(25) fci+fe+A's, ki—k2—k3, —ki-\-k2—k3, — fci— fci-t-fe. 

EXERCISES 

1. Solve Exs. 4, 5 of § 48 by the method of Descartes. 

2. By writing y,, y,, y, for the roots kF, k^-, k,^ of 

(26) 64y’+32gy=+4(g— 4s)y-r==0, 
show that the four roots of (21) are the values of 

(27) z=-v/^-{-V^+\/^ 



54 


CUBIC AND QUARTJC EQUATIONS 


[Ch IV 


for &II combioatioos of the square roots for wluch 
(23) 

3 Euler (1707-1733) solved (21) aasunuog that it has a root of the form (27) 

Square (27), transpose the terms free of ndicab, square again, replace the last factor 
of sVy^tTi identify the resulting quartio in * w'th (21) 

Shov that yi, yt y\ are the roots of (20) and that relation (28) holds 

4 Find the sue dilTerrnees of the roots (25) and verify that the discriminant A of 
(21) IS equal to the quotient of the disenminant of (2C) by 4* 

5 In the theory of the mOexton poiDta of a p l ane cubic curve there occurs the 
equation 

»*-Ss»-4ri-A^-o 

Show that (26) new bwomea 



and that the roots of the quartie equation are 

where w It an imaginary cube root of unity and the signs are to be chosen so that the 
product of the three summands is eWl to 

MISCBUJtREODS S)t£K05S5 

1 Find the coordinates of the single real point of interscetioa of the parabola 
y»**and the hyperbola ly-is+v+ft*© 

2 Show that the abscissas of the points of intersection of y-t* and os’— ev+y'-~ 
*-(<i+8)y-fl»0 are the roots of »*— s*-3i‘-r-6«0 Compute the discriminant 
of the latter and show that only two of the four pouils of intersection are real 

3 Find the coordinates of the two real points in Ex 2 

4 A right priam of height A has a square base whose side la 6 and whose diagonal 
IS therefore hV^ If v denotes the volume and d a diagonal of the prism, pwAh* and 
d*“A*+(AV^2)* Multiply the last equation by A and replace A6’ by v Hence A’— d'A 
+2i>— 0 Its discriminant is sero if d— 3V^3, p»27, 6ad h 

5 Fmd the admissible values of A m Ex 4irhend°>12 e>332 5 

6 Find a necessary and sufficieot condition that quartic equation (13) sboU have 
one root the negative of another root 

Hmt (xi+Ti) (xi+iO "?“>! Hence substitute 7 for y m (17) 

7 In the study of parabolic orbits occurs the equation tan ^v+i tan* Jv-{ 

Prove that there is a emgle real root and that it has the same sign as ( 

5 In the problem of three astrononucal bodies occurs the equation i’+os+2— 0 
Prove that it has three real roots if and only if —3 
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The Graph of an Equation 

63. Use of Graphs in the Theory of Equations. To find geometrically 
the real roots of a real equation f(x)=0, we construct a graph of y=f{x) 
and measure the distances from the origin 0 to the intersections of the 
graph and the a:-axis, whose equation is i/=0. 

For example to find geometrically the real 
roots of 

(1) x2-6x-3 = 0, 

we equate the left member to y and make a 
graph of 

(!') y—x^—6x—Z. 

We obtain the parabola in Fig. 12. Of the 
points shown, P has the abscissa x=0Q=4 
and the ordinate y— —QP— —11. From the 
points of intersection of y = 0 (the x-axis OX) 
with the parabola, we obtain the approximate 
values 6.46 and —0.46 of the roots of (1). 

EXERCISES 

1. Find graphically the real roots of i*— 6x+7 =0. 

Hint; For each x, jf=i=-6i4-7 exceeds the y in (!') by 10, so that the new graph 

is obtained by shifting the parabola in Fig. 12 upward 10 units, leaving the axes OX 
and OY unchanged. What amounts to the same thing, but is simpler to do, we leave 
the parabola and OY unchanged, and move the axis OX downward 10 units. 

2. Discuss graphically the reality of the roots of x*— 6x4-12=0. 

3. Find graphically the roots of x’— 6i4-9=0. 

64. Caution in Plotting. If the example set were 

(2) 7/=8x^ — 14x3— 9x“+llx— 2, 

one might use successive integral values of x, obtain the points (—2, 180), 

55 
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(-1, 0), (0, -2), (1, -6), (2. 0), (3, 220), all but tbe 
first and last of which are shown (by crosses) in Fig 
13, and be tempted to conclude that the graph is a 
U'Shapcd curve approximately like that m Fig 12 
and that there arc just two real roots,—! and 2, of 
(2*) 8i*-142?-9j*+Ur-2«0 

But both of these conclusions w'ould be false In fact, 
the graph is a W-ehaped curve (Fig 13) and the 
additional real roots are } and ) 

This example shows that it is often necessary to 
employ also values of i which are not integers The 
purfnse of the example was, however, not to point 
out this obvious fact, but rather to emphasize the 
chance of serious error in sketching a curve through a 
number of points, however numerous The true curve 
between two points below the z-oxis may not cross the 
s^axis, or may have a peak and actually cross the zr>axis 
twice, or may be an M-shaped curve crossmg it four 
times, etc 

For example, the graph (Fig 14) of 
(3) V-x*+4x»-lI 

crosses the x-axis only once, but this fact can* 
not be established by a graph located by a num* 
ber of points, however numerous, whose abscissas 
are chosen at random 

We shall find that correct conclusions regard* 
ing the number of real roots may be deduced 
from a graph whose bend poinU (|55) have been 
located 

66. Bend Pomts A point (like M or il* m 
Fig 14) IS called a bend point of the graph of 
y if the tangent to the graph at that point 
IS horizontal and if all of the adjacent pomts of 
the graph lie below the tangent or all above the 
tangent The first but not the second, condi* 
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tion is satisfied by the point 0 of the graph of given in Fig. 15 (see 
§ 57). In the language of the calculus, f{x) has a (relative) ina.ximum or 
minimum value at the abscissa of a bend point on the graph of y=f{x). 




Fig. 15 Pia. 16 


I^t P = {x,y) and Q = {x+h, Y) be two points on the graph, sketched 
in Fig. 16, of y—f{x). By the slope of a straight line is meant the tangent 
of the angle between the line and the a:-axis, measured counter-clockwise 
from the latter. In Fig. 16, the slope of the straight line PQ is 


( 4 ) 


Y-,/_ f(:c+k)-f(x) 
h h 


For equation (3), f{x) =x3+4a:2-ll. Hence 
f(x+h) = (a;-l-/!)3+4(a:-f-;j)2-ll 

= a ;3 4.43.2 _ 11^ 714.(33.4.4) ^24.^^ 

The slope (4) of the secant PQ is therefore here 
3x2+82;-h(3i-f4) h+h?. 

Now let the point Q move along the graph toward P. Then h approaches 
the value zero and the secant PQ approaches the tangent at P. The 
slope of the tangent at P is therefore the corresponding limit 3x^+8x 
of the preceding expression. We call 3x2+8x the derivahve of a;3 - 1 - 4 x 2 
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In particular, if P la a bend point, the slope of the (horizontal) tangent 
at P IS zero whence 3i®+8x«0, i=0 or x=-| Equation (3) gives 
the corresponding values of y The resulting points 

are easily shown to be bend points Indeed for x>0 and for x between 
—4 and 0 x* (s+4) is positive, and henee — 11 for such values of 
X, so that the function (3) has *i relative minimum at x=0 Similarly, 
there is a relative maxunum at x* — 4 We may also employ the general 
method of § 59 to show that Af and M' are bend points Since the«e bend 
points arc both below the zaxis we are now certain that the graph 
cro<!sc<i the X axis only once 

The use of the bend points insures greater accuracy to the graph than 
the use of dozens of points whose abscissas are taken at random 

66 Denvatives We shall now find the slope of the tangent to the 
graph of where f(x) is any polynomial 

(5) /(t)»<iot*+aj**"*+ +a,.ji+a. 

Wo need the expansion of /{x+h) in powers of x By the binomial 
theorem 

iio(i+A)'=««l* +ikioi*-'4 + 

<ii(i+t)-‘-aii'-‘+(n-l)ai«-’A+ ^ - — A=+ . . , 


a,.j(i+5)*=a,_jz*+2<i, ,rA 
o,.i(r+A}=a,_ii' +an.i5. 

On-Oi, 

The sum of the left members is evidently /(z+A) On the right, the 
sum of the first terms (» c , those free of A) i3/(r) The sum of the coef* 
ficients of A is denoted by/ (x), the sum of the coefficients of is denoted 
by fix), , the sum of the coeflScients of 
A* 


12 k 
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is denoted by Thus 

(6) ■ • • +2a„_2X+a„_i, 

(7) /"(x) = n(n-l)aox"'H(n-l) (n-2)nix'‘-®+ . . . + 2 aa_ 2 , 

etc. Hence we have 

( 8 ) !{x+h) =f(x) +mh+m^+r'(^)Y:^ 

+ ... +/«(x)^J+ . . . 

where r! is the symbol, read rfadorial, for the product 1-2-3 . . . (r— l)r. 
Here r is a positive integer, but we include the case r=0 by the definition, 
0! = 1. 

This formula (8) is known as Taylor’s theorem for the present case of 
a polynomial /(x) of degree n. We call /'(x) the {first) derivative of f{x), 
and f"{x) the second derivative of f{x), etc. Concerning the fact that 
/"(x) is equal to the first derivative of f'{x) and that, in general, the fcth 
derivative S'‘^'’{x) of /(x) is equal to the first derivative of see 

Exs. 6-9 of the next set. 

In view of (8), the limit of (4) as h. approaches zero is f'{x). Hence 
i'{x) is the slope of the tangent to the graph of y=f{x) at the point (x, y). 

In (5) and (6), let every a be zero except oq. Thus the derivative of 
oox" is 7?flo2^“S and hence is obtained by multiplying the given term by 
its exponent n and then diminishing its exponent by unity. Por example, 
the derivative of 2x^ is 6x-. 

Moreover, the derivative of /(x) is equal to the sum of the derivatives 
of its separate ternas. Thus the derivative of x^+dx^— 11 is Sx^+Sx, 
as found also in § 55. 

EXERCISES 

1. Show that the slope of the tangent to j/=8i’— 222=+13a:— 2 at (x, y) is 24x2— 
44x+13, and that the bend points are (0.37, 0.203), (1,46, —5.03), approximately. 
Draw the graph. 

2. Prove that the bend points of y=i’— 2x— 5 are (.82, —6.09), ( — .82, —3.91), 
approximately. Draw the graph and locate the real roots. 

3. Find the bend points of 2/=x2+6x2+8x+8 Ix)cate the real roots. 

4. Locate the real roots of /(x) =x*+x’— x— 2=0. 

Hints: The abscissas of the bend points are the roots of /'(x) =4x2 +3x2— 1=0. 
The bend points of t/=/'(x) are (0,-1) and (-^, -f), so that/'(x)=0 has a single real 
root (it is just less than |). The single bend point of 2 /=/(x) is (^, -f|-), approxi- 
mately. 
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5 Locate the real roots of J!‘—7x*—3x*+7“0 

6 Pro' e that/" (r), gi\en by (7), 0 equal to the first demative 

7 If /(r)— /iM+Zifs), prove that the Xth dontati'e of / u equal to the sum of 
the Hh derivatives of /i and /» Use (8) 

8 Prove that is equal to the first den\at»e of /““’’(i) Hint pro\-e this 
for /-or", then prove that it is true for/— /«+/« if true tai f, and f> 

9 Find the th rd derivative of by fonning successive first derivatives, 

alsi> that of 2 j* — 7r*+r 

10 Pro'-e that if 0 and h are pofynomiab inztbe derivative of pi IS 0 li+pit' Hint 
multiply the rnembera of 0(s+*)“0(i)+0^)*+ and i(x+*) — (i)A + 
and use (8) fQr/“0ifc 

67. Homontal Tgogents If ( 3 , y) is a bend point of the graph of 
y=/(i) Ihrn, bj rlcfinition, the slope of the tangent at (x, y) is icro 
Ilcnce (§50), fhc abscissa x is a root of /'(x) = 0 In Ets 1-5 of the 
preceding set, U naa true that, conversely, aD> real root of /’(x)=0 is 
the abscissa of a bond point llowctcr, this is not alnaj’s the case 
W c shall nott consider m detail an example illustrating this fact The 
example is the ono mcreli mentioned in § 55 to indicate .he need of the 
second requirement made m our dciinitton of a bend point 

The graph (Fig 15) of y-x® has no bond point since x® increases when 
I increases Nevertheless fhc derivative 3x® of x® is tero for the real 
value xs=0 The tangent to the airvrc at (0, 0) is the horizontal lixe 
y>iO It ma} be thought of as the limiting position of a «ecant through 
0 which meets the curve m tuo further points seen to be equidistant 
from 0 IVTion one, and hence also the other of the latter points approaches 
0 tho secant approaches the position of tnngeney In this sense the 
tangent at 0 is said to meet the curve in three coincident points, their 
abscissas being the three coinciding roots of x®“0 In the language of 
§ 17, x®=0 has the triple root x=0 The subject of bend points, to which 
we recur in § 59, has thus led us to a digression on the important subject 
of multiple roots 

68 Multiple Roots. In (8) replacei bj a, and h by *-a Then 

By definition (§ 17} a is a root of/(x)^0 of multiplicity tn if/(x) is exactly 
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divisible by {x-a)”', but not by (x-a)’”+^ Hence a is a root of multi- 
plicity m of /(x) =0 if and only if 

(10) /(«)=0, /'(a)=0, /"(a)=0, /'"-“(«)=• 0, 

For example, a:‘+2x’=0 has the triple root x=0 since 0 is a root, and since the 
first and second derivatives 4x’+6x= and 12x*+12x are zero for x=0, while the third 
derivative 24x+12 is not zero for x=0. 

If in (9) we replace / by f and hence by or if we differentiate 
every term with respect to x, we see by either method that 

( 11 ) m^f'ianna)(x-a)+ . . . 


+/<-">(«) 


(?/l— 1)! 


Let /(a:) and /'(a:) have the common factor {x—a)’"~^, but not the com- 
mon factor (x—a)"', where m>l. Since (11) has the factor (x— a)'""*, we 
have /'(a)=0, . . . , /''""“(a) = 0. Since also f(x) has the factor x—a, 
evidently /(a) = 0. Then, by (9), f(x) has the factor (x~a)”', which, 
by hypothesis, is not also a factor of f'(x). Hence, in (11), /'”*'(«) 
Thus, by (10), a is a root of f(x) =0 of multiplicity m. 

Conversely, let a be a root of /(x) = 0 of multiplicity m. Then rela- 
tions (10) hold, and hence, by (11), f'(x) is divisible by (x—a)""', but 
not by (x—a)". Thus f(x) and f'(x) have the conunon factor (x— a)"“*, 
but not the common factor (x—a)". 

We have now proved the following useful result. 

Theorem. If f(x) and f'{x) have a greatest common divisor g(x) 
involving x, a root of g{x)=Q of mulliplicity m—\ is a root of /(x)=0 of 
mxdliplicity m, and conversely any root of /(x) = 0 of multiplicity m is a root 
of yix) = 0 of mxdliplicity m— 1. 

In view of this theorem, the problem of finding all the multiple roots 
of /(x)=0 and the multiplicity of each multiple root is reduced to the 
problem of finding the roots of g(x)=0 and the multiplicity of each. 

For e.xample, let/(i) =x’— 2x’— 4x+8. Then 


/'(x) = 3x* -4i -4, 9/(x) =/'(x) (3x -2) -32(x -2) . 

Since X -2 is a factor of /'(x) , it may be taken to be the greatest common divisor of /(x) 
/'(x), the choice of the constant factor c in c(i— 2) being here immaterial. Hence 
2 is a double root of /(x) =0, while the remaining root —2 is a simple root. 
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EXERCISES 


1 Prove that 4r'—7**+15z—9“0 hai a double root 

2 6haT\ that z'—Sr'-f-lGBO has (»o double roots 

3 Prove (hat i'— Qr*— 8r— 3“0 has a tnple root 

4 Tost a;*—8r>+22i>— 21x+{)*«0 formultiple roots 

5 Test r*—Qr'4-Ui—6~0 for multiple root# 

0 Tost f*— 9x*+9i>+8li— lK-0 for multiple roots 

59 Ordinary and Inflexion TangenU The equation o! the straight 
line through the point (a, />) with the slope a is y— ^ •=a(i— a) The slope 
of the tangent to the graph of v=/(x) at the point (n, g) on it is 4=/ (a) 
bj §5C Abo, 0=/(a) Ilenec the equation of the tangent IS 

(12) y‘=/(a)+y’(«)(a-«) 


By subtracting the members of this equation from the corresponding 
members of equation (9), wc sec that the abscissas x of the points of mter- 
scction of the graph of y-/(x) nitb its tangent satisfy the equation 








Here the term containing /’■*•*(«) must evidently be suppressed if m«2, 
since the term contatning/‘"*(«) then coincides with the first term. 

If a IS A root of multiplicit) m of this equation, i e , if the left member 
18 (Inisiblo by (*-«)", but not by the point (a, 0) is counted 

as tn coincident points of intersection of the curve with its tangent (just 
as in the case of and its tangent p=0 in § 57) This will be the case 
if and only if 

(13) /'W=0, /"'C«)=0, , /"-‘>(«)=0, /'■“(a)i^0. 

in which m>l and, as explained above, only the final relation /"(a)^0 
13 retained if m = 2 If m=3, the conditions arc /"(a) =0, (a) ^0 

Fcrexample if /W-i« and «-0 Uini/'(0)=/ {OJ -0, /<’*(0) »24r^0 bo that 
m^4 T1 c KTaph n( y~i* M a lf-«bsped curve vrbosu intuwctKin vnth the tangent 
(the r-axia) at (0 0) is counted ss four coincident points of mtersecticn 

Gvten f[x) and a, we can find, as in the preceding example, the value 
of m for which relations (13) bold We then apply the 
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Theorem. If m is even (m>0), the poinis of the curve in the vicinity 
of the point of tangency {a, are all on the same side of the tangent, which 
is then called an ordinary tangent. But if m is odd (m> 1), the curve crosses 
the tangent at the point of tangency (a, fi), and this point is called an inflexion 
point, while the tangent is called an inflexion tangent. 

For example, in Fig. 15, OX is an inflexion tangent, while the tangent at any point 
except 0 is an ordinary tangent. In Figs. 18, 19, 20, the tangents at the points marked 
by crosses are ordinary tangents, but the tangent at the point midway between them 
and on the y-axis is an infle.xion tangent. 

To simplify the proof, we first take as new axes lines parallel to the 
old axes and intersecting at (a, p). In other words, we set x—a=X, 
y~P=Y, where X, Y are the coordinates of (x, y) referred to the new 
axes. Since p=f{a), the tangent (12) becomes Y=f'{a)X, while, by (9), 
y=f{x)=P+f'(a) (a:-a)+ • • • becomes 

■y -2 Ym 

(14) F=/'(a)Z+/"(«)^+ . . . =/'(a)Z+/('")(«)^ + . ; . , 


after omitting terms which are zero by (13). 

To simplify further the algebraic work, 
we pass to oblique axes,^ the new y-axis 
coinciding with the F-axis, while the new 
i-axis is the tangent, the angle between 
which and the Z-axis is designated by 8. 
Then 

tan 0 =/'(«). 

By Fig. 17, 

X=xcose, Y-y=f'ia)X. 

Hence when expressed in terms of the 
new coordinates x, y, the tangent is y=0, 
cun’e becomes 



while the equation (14) of the 


y=ca:"4-da;”'*'*4- • • . , 


„_/'">(«) cos" 0 
c ^0, 


For X sufficiently small numerically, whether positive or negative, 
the sum of the terms after cx" is insignificant in comparison with cx"’ 

‘Since the earlier x, y do not occur in (14) and the new equation of the taneent 
we shall designate the final coordinates by x, y without confusion. - 
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80 that y has tho same s gn as a" (§ 64) Hence if m is even the points 
of the curve in the vicinity of the origin and on both sides of it are all 
on the same Bide of the x-axis ic the tangent But i/ mis odd thepomts 
with small positive abscissas x he on one side of the x axis and those with 
numerically small negative abscissas he on the opposite side 

Our transformations of coordinates changed the equations of the 
curve and of its tangent but did not change the curve itself and its tangent 
Hence our theorem is proved 

By our theorem a is the abscissa of an inflexion point of the graph 
of !/“/(x) if and only if conditioiis (13) hold with m odd (m>l) These 
conditions include neither /(«)=0 nor / (<») = 0 in contrast with (10) 
In the theory of equations we are primarily interested in the abscissas 
a of only those points of inflcxionwhose inflexion tangents arc horizontal 
and are interested in them because we must exclude such roots a of 
f(x) =0 when seeking the abscissas of bend points which are the important 
points for our purposes A point on the graph at which the tangent is 
both horizontal and an ordinary tangent is a bend point by the definition 
in §65 Hence if we apply our theorem to the special case / {a)^0 
we obtain tho loUowing 

Cbiteriov Any root a of / (x)»0 ts the absetasa of a bend point of 
the graph of y “/(*) or of a point ictfk c homontal tnf exion tangent oceoreftn^ 
04 (Ae value of m for wAtcA relations (13) hold ts even or odd 

For example thena-Oand ni>4 *o that (0 0) is a bend pomt of the 

(/•shaped graph of If tbena~Oand ao that (0 6) la a point 

w th a bor tontal m9ex on tangent (OA u Fig IS) of the graph of y—x* 
EXEItaSES 

1 If /(i)-3i*-f5z*+4 the only real root of /'(*)-0 la *«*0 Show that (0 4) 
u an inflexion point and thus that there u no bend po nt and hence that/fz) -0 hae a 
nngle real root 

2 Prove that z*—3z'-l-3z+c»0 basan inflexion point but no bend po nt 

3 Show that z*— Ittr*— 2l>z*— 15z+«— 0 baa two bend pomta and no horuontal 
inflexion tangenta 

4 Prove that 3z*— 40z’+210z4<— 0 baa no bend pont but haa two honrontal 
inflexion tangents 

6 Prove that any function z’— 3az*+ of the third degree can be written In 
the fonn/(z) =(r— o)*-f-oz+6 Hie atraight bne having the equation y^ax^^-b meeta 
the graph of p~/(z) in three come dent ponta wth the abscissa a and hence is an 
mflexion tangent If we take new axes of coordinates parallel to the old and inter- 
sect ng at the new ongin (a 0) te if we make the transformauon y-y 
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of coordinates, we see that the equation /(x)=0 becomes a reduced cubic equation 
A'’+pA:+9=0 (§42). 

6. Find the inflexion tangent to j/=a:*+ 62 ”— 32+1 and transform s’+ox- 3i 
+1 =0 into a reduced cubic equation. 


60. Real Roots of a Real Cubic Equation. It suffices to consider 

f{x)=a? — Zlx-}-q (^ 5 ^ 0 ), 

in view of Ex. 5 above. Then /'=3 (x^-l), f" = 6x. If Z<0, there is 
no bend point and the cubic equation /(x) =0 has a single real root. 

If ?>0, there are two bend points 


(Vi; q-2lVr}, (-VT, q+2lVT), 

which are shown by crosses in Figs. 18-20 for the graph of y=f{or) in the 



Fig 18 


Fig. 19 


three possible cases specified by the inequalities shown below the figures. 
For a large positive x, the term V in /(x) predominates, so that the graph 
contains a point high up in the first quad- 
rant. thence extends downward to the 
right-hand bend point, then ascends to 
the left-hand bend point, and finally de- 
scends. As a check, the graph contains 
a point far down in the third quadrant, 
since for x negative, but sufficiently large 
numerically, the term x? predominates and the sign of y is negative. 

If the equality sign holds in Fig. 18 or Fig. 19, a necessary and sufficient 
condition for which is g-=4P, one of the bend points is on the x-axns, and 
the cubic equation has a double root. The inequalities in Fig. 20 hold 
if and only if which implies that 1>0. Hence x3-31x+.g=0 

has three distinct real roots if and only if q-<4P, a single real root if and 
only if q^>41^, a double root (necessarily real) if and only ifq^==4P and Z?^0, 
and a triple root if q'-=4P=0. 



-2 I /r-'5<2 I tt 
Fig 20 



onApns 


(Cb V 


EXERCISES 

Find the bend points sketch the graph and find the number of real roots of 
I iH2#-4-0 2 »*-Tr+7-0 

3 * x»+«i*-3i+l-0 

5 Prove that tho inftenoa point of 3ft+ j a (0 j) 

6 Show that the theorem in the text la equivalent to that in { 45 

7 Prove that if m and n are positive odd integers and ni>n i**+p2*+V“0 has 
no bend point and hence hoa a single real rooi if p>0 but i( p<0 it hoa )ust two 
bend points which are on the same aide or opposite sides of the i-axis according as 

■ 

IS positive or negative so that the nnmhet «t real roots is 1 or 3 m the respective cases 

8 Drawlhegrsphofp-**— I* Uyfindingitsmtersectionswiththelinep^mr+fc 
solve *•— 1>— mz— 6“0 

9 Prove that if p and 4 are positive pr**-t'9»0 has four distinct real roots 
two pain of equal roots or no real root according os 



10 Prove tliat no straight line crosses the graph of y«/(z) m more tboa n poiats if 
the degree n of the real polynomisl/fz) eteceds unity Jtpply 1 16] This fact serves 
oa a ehecli on the accuracy of a graph 

61 Dgfinitioa of ConUauitr of a Polynomial Hitherto we have 
located certain points of the graph of y*»/(x) where /(*) is a polynomial 
in X with real coeffieienU and taken the liberty to foin them by a con 
tinuovss curve 

A polynomial /(x) with real coefHaenta shall be called conftnuous of 
i = a where a IS a real constant it the difference 

D=f(u+h}-na) 

IS numcncalh less thsn any assigned positive number p for all real values 
of h sufHcientlj small numerically 

62 Any Polynomial f(x) with real Coefficients is continuous at x=<i, 
where a is any real Constant Taylor s formula (8) gives 

This polynomial is a special case of 

F Bsath+aaV+ +o,A" 
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We shall prove that, if ai, . . . , a„ are alt real, F is numerically less than 
any assigned positive number p for all real values of h sufficiently smau 
numerically. Denote by g the greatest numerical value of ai, . . . , a„. 
If h is numerically less than k, where A:<1, we see that F is numerically 
less than 

g(fc+fc2+ . . • +fc”) ^ ^ 

Hence a real polynomial f{x) is continuous at every real value of x. But 
the function tan x is not continuous at x =90° (§ 63). 

63. Root between a and b if f(a) and /(b) have opposite Signs. If 

the coefficients of a polynomial f{x) are real and if a and b are real numbers 
such that f{a) and f{b) have opposite signs, the equation f(x) =0 has at least 
one real root between a and b; in fact, an odd number of such roots, if an 
m-fold root is counted as m roots. 

The only argument * given here (other than that in Ex. 5 below) is 
one based upon geometrical intuition. We are stating that, if the points 

(a, /(a)), (b, m) 

lie on opposite sides of the s-axis, the graph of y=f{x) crosses the z-axis 
once, or an odd number of times, between the vertical lines through 
these two points. Indeed, the part of the graph be- 
tween these verticals is a continuous curve having one 
and only one point on each intermediate vertical line, 
since the function has a single value for each value 
of ac. 

This would not follow for the graph of y'^=x, which 
is a parabola with the x-axis as its axis. It may not 
cross the x-axis between the two initial vertical lines, 
but cross at a point to the left of each. 

A like theorem does not hold for fix) =tan x, when 
X is measured in radians and 0<a<'ir/2<6<'!r, since 
tan X is not continuous at x=-!rf2. When t increases 
from a to Tr/2, tan x increases without limit. When 
X decreases from b to 7r/2, tan x decreases without 
limit. There is no root between a and b of tan x=0. 

> An arithmetical proof based upon a refined theorj’ of irrational numbers is given 
in Weber's Lchrbuch dor Algebra, cd. 2, vol. 1, p. 123. 
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EXERCISES 


1 Prove that 8x’— 4*’— 1&*+9«0 has a n»t between 0 and 1, one between 1 and 
2 and one between —2 and —1 

2 Prove that lG2*->24x>d-16a— 3—0 has a tnplc root between 0 and 1 and a 
simple root between —3 and —1 

3 Prove that if e<&<c <I and of, , h are positive, these quantities 
being all real, 




has a reni root between a and b one betaeen b and e one between k and f, and 
if ( IS negative one greater than I but if I m po* live one leas than a 

4 Verify that the equation in Ex 3 has no imaginary root by substituting r+n 
and r—n m turn for i and subtracting the results 

5 Admitting that an equation /(jr)sz* 4- —0 with real eoelTieients has n roots 

show algebraically that there is a real root between a and b i//(o) and /(b) have opposite 
signs ^ot« that a pair of conjugate iraagmary roots e±(h are the roots of 

(*T-e)«+d»-0 

and that this quadratic function is positive if x u real Hence if xi , xr are the 
real roots and 

«(x)a(x~Xi) (x-it), 

then 4(a) and 4(b) have opposite signs Thus o — xi and b—tt have oppoeite signs for 
at least one real root X| (Lngnnge ) 

64 Sign of a Polynomial Given a polynonual 

/{x)«aoi*+fli2*-‘+ +0, (oos^O) 

with real coefficients »e can find a positive number P such that/(z) has 
the same sign as cox" when x>P In fact 

By the result in § 62, the numerical value of 4 is less than that of oo 
when 1/x is positive and less than a sufficient]} small positive number, 
say 1/P, and hence when x>P Then oo+ip has the same sign as oo 
and hence /(x) the same sign as aox" 

The last result holds also when z is a negative number sufficiently large 
numerically For if we set x=—X, the former case shows that 
has the same sign as (— l)"ooX* when X is a sufficiently large positive 
number 
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We shall therefore say briefly that, for a: = +oo, f{x) has the same 
sign as qo; while, for x= — oo,f(x) has the same sign as flo if n is even, 
but the sign opposite to ao if n is odd. 

EXERCISES 

1. Prove that I’+cus’+fex— 4=0 has a positive real root [use x=0 and a: = + oo]. 

2. Prove that a:’+ax’+6i+4;=0 has a negative real root [use x=0 and a: = — oo ]. 

3. Prove that if ao> 0 and n is odd, aoi”+ . . . +a„ =0 has a real rootof sign opposite 
to the sign of [use i= — oo , 0, + <» ]. 

4. Prove that x*-\-ax^+hx^+cx—4:=Q has a positive and a negative root. 

5. Show that any equation of even degree n in which the coefficient of 2 " and the 
constant term are of opposite signs has a positive and a negative root. 

6B. RoUe’s Theorem. Between two consecutive real roots a and b of f{x) 
=0, there is an odd number of real roots of f'{x) =0, a root of multiplicity m 
being counted as m roots. 

Let 

f(x) = {x—ay(x—byQix), a<b, 

where Q{x) is a polynomial divisible by neither x—a nor x—b. Then 
by the rule for the derivative of a product (§ 56, Ex. 10), 

The second member has the value r(a— 6)<0 for x = a and the value 
s(6— a)>0 for x = b, and hence vanishes an odd number of times between 
a and b (§ 63). But, in the left member, (x—a) (x—b) and /(a:) remain 
of constant sign between a and b, since /(x) = 0 has no root between o 
and b. Hence f'(x) vanishes an odd number of times. 

Corollary. Between two conseclive real roots a and p of /'(x)=0 
there occurs at most one real root of f{x) =0. 

For, if there were two such real roots a and b of /(x) = 0, the theorem 
shows that/'(x) =0 would have a real root between a and b and hence be- 
tween a and /3, contrary to hypothesis. 

Applying also § 63 we obtain the 

Criterion. If a and j3 are consecutive real roots of f{x) = 0, then f(x ) — 0 
has a single real root between a and ^ if /(a) and /(/3) have opposite signs, 
but no root if they have like signs. At most one real root of f{x) =0 is greater 
than the greatest real root of /'(x) = 0, and at most one real root o//(x) =0 is 
less than the least real root of f{x) =0. 
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If /(a)s»0 for our root- b of /'(x)“0, a » a multiple root of /(i)=0 
and it would be removed before the criterion is applied. 

Example For/(*l “3 i*— 2S**+60*— 20, 

Hence the roots of/ (i) -0 ere ±1, ±2 Now 

/(-2)--36, /C-l)--68, /(D-IS, /(2)-.-4, /(+»)-+ee. 
Hence there is a single res) root m each of the intervals 

(-1, 1). (1, 2). {2,+«l. 

and two imaginary roots The three real mots are positive 
EZERaSES 

1 Prove that x'—&e+2"0 baa 1 negative, 2 positive and 2 imaginary roots 
3 Prove that s*+s~l>0 has 1 negative, 1 positive and 4 imaginary roots 

3 Show that **— 3s*+2t‘-5«0 has two imapnaiy roots, and a real root m each 
of the intervals (-3, -1 5) (-1 -I), (1, 2) 

4 Prove that 4s*— 3e'— lh*0hajs a single real root 

3 Show that, if *0 has imaginary roots, /<r) >0 has imaginary roots 

C Derive tlolle s theo'eta from the (act that there u an odd nurebei of bend pointa 
between a and i, the abecissa of eaeh being * root of/’(s)»0of odd multiplicity, while 
the abscissa of an mflexioa (Mint with a bensontaJ tangent is a root of f(f) >0 of even 
ouluplicity. 
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Isolation of the Real Roots of a Real Equation 

66. Purpose and Methods of Isolating the Real ’Roots. In the next 
chapter we shall explain processes of computing the real roots of a given 
real equation to an}’’ assigned number of decimal places. Each such 
method requires some preliminary information concerning the root to 
be computed. For example, it would be sufficient to know that the root 
is between 4 and 5, provided there be no other root between the same 
limits. But in the contrary case, narrower limits are necessary, such 
as 4 and 4.3, with the further fact that only one root is between these new 
limits. Then that root is said to be isolated. 

If an equation has a single positive root and a single negative root, the real roots 
are isolated, since there is a single root between — co and 0, and a single one between 
0 and + M . However, for the practical purpose of their computation, we shall need 
narrower limits, sufficient to fix the first significant figure of each root, for example 
—40 and —30, or 20 and 30. 

We may isolate the real roots of /(x) = 0 by means of the graph of 
But to obtain a reliable graph, we saw in Chapter V that we 
must employ the bend points, whose abscissas occur among the roots 
/'(x) = 0. Since the latter equation is of degree n—1 when /(x) = 0 is of 
degree n, this method is usually impracticable when n exceeds 3. The 
method based on Rolle’s theorem (§ 65) is open to the same objection. 

The most effective method is that due to Sturm (§ 68). We shall, 
however, begin with Descartes’ rule of signs since it is so easily applied. 
Unfortunately it rareW tells us the exact number of real roots. 

67. Descartes’ Rule of Signs. Two consecutive terms of a real poly- 
nomial or equation are said to present a variation of sign if their coefficients 
have unlike signs. By the variations of sign of a real polynomial or equa- 
tion we mean all the variations presented by consecutive terms. 

Thus, in a^-2x’-4x=+3=0, the first two terras present a variation of sign, and 
likervise the last two terms. The number of variations of sign of the equation is two. 

71 
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Descabtes' Rulf The numfcer jxmlxve real roots of an equation 
With real coej^ents is either equal to the number of its vanalions of sign 
or ts kss than that number by a pon/tw even vrdeqer. A root of muUighcity 
m ts here counted as m roots 

For example, s'— Sz'+z+l^O has either tiro«r no poaitiye roots the exact number 
not being found But Sx*— s— 1~0 has etaetif one positive root, which is a simple 
root 

Descartes’ rule will be derived in 5 73as a corollary to Budan’s theorem 
The following elementary proof* was communicated to the author by 
Professor D R Curtiss 

Consider any real polynomial 

/(z)saoi*+aii»''+ 

Iiet r be a positive real number By actual multiplication, 
F(*)a(®-r)/(i)«doa;'‘+‘+^ii*+ 

where 

d.o“ao >li“ai*“rao, rai, , Ai**ai—rai,i, <4i4i“— rfli. 

In fix) let Oti be the first Don>vanishing cociHcient of different sign from 
00, let oi, bo the first non-vanishing coefficient following ot, and of the 
same sign as oo, etc , the last such term, Ot, being either Oj or of the same 
sign as a, Evidently v is the number of variations of sign of /(z) 

For example if/(x)«2x'+3x*— 4**— 6i’+7z,webaveB«2,a»,“ai»»— 4,ot,=«»=7 
Note that o« ••0 since r* u absent 

The numbers Ao are all different from zero and 

have the same signs as oo. o*,, ,o»« — o, respectively This is 

obviously true for i4o = ao and d|+,= -rai Next, d*, is the sum of the 
non vanishing number o», and the number — rai,_j which is either zero 
or else of the same sign as a», suice la either zero or of opposite sign 
to Otf Hence the sum As^ is not zero and has the same sign as Ot, 

By hypothesis, each of the numbers ao, Oi , , a*, after the first 

IS of opposite sign to its predecessor, while —a, is of opposite sign to at^ 
Hence each term after the first in the sequence ^o, ■d»„ , 

is of opposite sign to its predecessor Thus these terms present v+1 
variations of sign We conclude that F(i) has at least one more vari- 
ation of sign than fix) But we may go further and prove the following 

' The proofs given in college algebras are mere venfications of special cases 
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Lemma. The number of variations of sign of F{x) is equal to that of 
f{x) increased by some positive odd integer. 

For, the sequence 4o, Ai, . . . , At, has an odd number of variations 
of sign since its first and last terms are of opposite sign; and ■ similarly 
for the V sequences 

At,, At,+i , . • • j At2, 


Ato+i, . • • , Ai+i- 

The total number of variations of sign of the entire sequence Ao, Ai, . . . , 
A|+i is evidentl}'’ the sum of the numbers of variations of sign for the 
a+l partial sequences indicated above, and is thus the sum of a+1 posi- 
tive odd integers. Since each such odd integer may be expressed as 1 
plus 0 or a positive even integer, the sum mentioned is equal to a+1 plus 
0 or a positive even integer, i.e., to a plus a positive odd integer. 

To prove Descartes’ rule of signs, consider first the case in which /(x) =0 
has no positive real roots, i.e., no real root between 0 and + qo . Then 
/(O) and /(oo) are of the same sign (§ 63), and hence the first and last 
coefficients of fix) are of the same sign.* Thus f{x) has either no vari- 
ations of sign or an even number of them, as Descartes’ rule requires. 

Next, let/(x) =0 have the positive real roots ri, . . . , r* and no others. 
A root of multiplicity m occurs here m times, so that the r’s need not be 
distinct. Then 

/(x)s(x-ri) . . . (x-rt)cl>ix), 

where 4>{x) is a polynomial with real coefficients such that <^>(x)=0 has 
no positive real roots. We saw in the preceding paragraph that 0(x) 
has either no variations of sign or an even number of them. By the 
Lemma, the product {x—rt)(t>{x) has as the number of its variations of 
sign the number for <^>(x) increased by a positive odd integer. Similarly 
when we introduce each new factor x— r<. Hence the number of varia- 
tions of sign of the final product /(x) is equal to that of <^>(x) increased 
by k positive odd integers, i.e., by k plus 0 or a positive even integer. 
Since ^(x) has either no variations of sign or an even number of them, 
the number of variations of sign of/(x) is k plus 0 or a positive even integer, 
a result equivalent to our statement of Descartes’ rule. 

_ * In case /(i) has a factor 1"“*, we use the polynomial /(sl/x””* instead of /(i) in 
this argument. 
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If —pis a negative root of/(x)“0, then po a positive root of/(— 1)=0 
Hence we obtain the 

CoROLLART The number of neg<jlive roots of f{x) =0 is either equal 
to the number of variations of aign of /(— x) or is less than that number 
by a positive even integer 

For example, i<+3j'+*— 1-0 hu a emgle negative root, which is a simple root, 
since zi-3z*-*z-l-0 has a single positive root 

As indicated in Exs 10, 11 below, Descartes’ rule may be used to isolate 
the roots 

EXERCISES 


Prove by Dcscartea' rule the itatemcnts m Elxs 1>S, 12, 15 

1 An equation alt of whose coefficients are of like sign has so positive root Why 
» Ihn sell-evnient? 

2 There IS 00 negative root of an equation like z'—2i:‘—3z*4-77—5»0, in which 
the coefficients of the odd powers of z are of like eiim> end the eoefCcienti of the even 
powers (including the constant term) are of the opposite sign Verify by taking z-—p, 
where p u positive 

3 has two irnsginary roots if 

4 Forflsven *0 has only two tvnlroota 

6 For ft odd, z'-laO has only one real root 

6 Forn even, z**t-l xO has no real root, for n odd, only one. 

7 z*+17z*i-6z-9-0 has just two imaginary roots 

8 3<+a'z'+t'z— e*aO (c^O) has just two imaginary roots 

9 DeKSftee rule enables us to find the exact numlxr of positive roots only when 
all the coefficients are of like sign or when 

/(z)«z’‘+piz*“‘+ +}>■ -pii-0, 

each pt being^O Without using that rule show that the latter equation has one 

and only one positive root r llinte There is a positive root r by $ 53 (o^D, b— °o) 
Denote by P(j 1 the quotient of the sum of the positive terms by z’, and by —N{x) 
that of the negative terms Then Jtf(z) is a sum of powers of 1/x with positive coef- 
ficients 


It z>f, P{z)>P(f). W(i)<JV(r), /(r)>0. 

If z<r, P(T)<P(r), W(*)>Ar(r), /(i)<0 

10 Prove that we obtain an upper lnnil to the number of real roots of /(x) =0 
between a and b if we set 



multiply by (l+y)", and apply Descartes’ rale to the resulting equation in y 
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11. Show by the method of Ex. 10 that there is a single root between 2 and 4 of 
j;3^3;2_17a;+15=0. Herc we have 27t/*+35*— 237/-7 = 0. 

12. In the astronomical problem of three bodies occurs the equation 


r‘+(3-M)r*+(3-2/i)r’-jir^-2Mr-/i=0, 


where 0 <;j< 1. Why is there a single positive real root? 

13. Prove that a:=+2x— 3=0 has four imaginary roots by applying Des- 

cartes’ rule to the equation in y whose roots are the squares of the roots of the former. 
Transpose the odd powers, square each new member, and replace x- by y. 

14. As in Ex. 13 prove that x’-px’+Sx -1-0=0 has imaginary roots. 

15. If a real equation /(x) =0 of degree n has n real roots, the number of positive 
roots is exactly equal to the number V of variations of sign. Hint; consider also 
/(-x). 

16. Show that i’—x’-l-2x -1-1 = 0 has no positive root. Hint: multiply by x-f-l. 

68. Sturm’s Method. Let /(x) =0 be an equation with real coefficients, 
and /'(x) the first derivative of /(x). The first step of the usual process 
of finding the greatest common divisor of /(x) and /'(x), if it exists, con- 
sists in dividing f by f' until we obtain a remainder r(x), whose degree 
is less than that of Then, if gi is the quotient, we have f=gif'+r. 
Instead of 'dividing /' by r, as in the greatest common divisor process, and 
proceeding further in that manner, we write /2 = —r, divide/' by/ 2 , and 
denote by /a the remainder with its sign changed. Thus 

/=gi/'— /2, /' = 92/2— /a, /2 = g3/3— /4, . . . . 

The latter equations, in which each remainder is exhibited as the nega- 
tive of a polynomial /<, yield a modified process, just as effective as the 
usual process, of finding the greatest common divisor G of /(x) and/'(x) if 
it exists. 

Suppose that —fi is the first constant remainder. If /4 = 0, then /a = G, 
since /a divides /a and hence also /' and / (as shown by using our above 
equations in reverse order); while, conversely, any common divisor of 
/ and /' divides /a and hence also /a. 

But if /i is a constant 5 ^ 0 , / and /' have no common divisor involving 
X. This case arises if and only if /(x) = 0 has no multiple root (§58), 
and is the only case considered in §§ 69-71. 

Before stating Sturm’s theorem in general, we shall state it for a 
numerical case and illustrate its use. 
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If — p 13 a negative root of/(*) *»0, then p lan positive root of/(— i) bO 
Hence we obtain the 

CoROUARY The numbeV of tu^obee toots of /(i) =0 is either equal 
to the numbei of variations of sign of /(— i) or is less than that number 
by a positive even integer 

For example 2<-f3r’4-x—l— 0 has a single native root, which is a simple root, 
smee z*— 3 j’— z— 1— 0 has a single positive root 

As indicated in Exa 10, 11 below, Descartes’ rule may be used to isolate 
the roots 


Frove by Descartes rule the Aatements in Exs 1-S 12, 15 

1 An equation all of whose metficicnta are of like ai^ has no positive root Why 
IB this aelf^vidcTitt 

2 There is BO negative root of all equation like*’— Jj*—3*'+yz— 5-0 m which 
the coefficients of the odd powers of z are of like sign and the coefficients of the even 
powers (including the constant t«nn) are of the opposite sign Verify by taking 
where p u positive 

3 z*d-aiz-f6'*0 has two iraagtaary roots if b^O 

4 Forneven z*-l>0 has only two ml roots 

5 For n odd z*--la0 has only one real root 

fi Forneven z‘+l"0 has no real root for n odd only one 

7 2'+12z'+6z** 2~0 has just two imaginary roots 

3 t*+a*t*+b'x—c*mQ (cWO) has just two imaginary roots 

9 Descartes rule enables us to find the exact number of postUve roots only when 
all the coefficients are of like sign or when 

/(*)-z"+piz'*"*+ +ji,.^-p. -P»“0, 

each P( being ^0 Without using that rule show that the latter equation has one 
and only one positive root r Hints There b a positive root r by 1 33 (ii**0, 6= 
Denota by P{x) ibe quotient ol the aum ol the positive terms by z* and by — N(i) 
that of the negative terms Then N{x) d a sum of powers of 1/z with positive coef 
Gcients 

If z>r, F(z)>P(r), N{^)<N(r), /(*)>0, 

If z<r, P(.x)<P(r}, JV(z)>W(r), /(i)<0 

10 Prove that we obtain an upper hmit to the number of teal roots of /(z)»0 
between a and 6 if we set 



multiply by (1+p)", <uid apply Descartes rule to the resultmg equation m y 
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11. Show by the method of Ex. 10 that there is a single root between 2 and 4 of 
;53.|.a;j_17a;+15=0. Hore we have 272/’+3 j;*— 237/-7=0. 

12. In the astronomical problem of three bodies occurs the equation 

r'+ (3 -M)r‘ + (3 -2p)r’ -pr2-2f.r -p = 0, 


where 0 <m< 1. is there a single positive real root? 

13. Prove that -x^-\-2x-Z=Q has four imaginary roots by applying Des- 

cartes’ rule to the equation in y whose roots are the squares of the roots of the former. 
Transpose the odd powers, square each new member, and replace x^hy y. 

14. As in Ex. 13 prove that -1-6=0 has imaginary roots. 

15. If a real equation f(x) =0 of degree n has n real roots, the number of positive 
roots is exactly equal to the number V of variations of sign. Hint: consider also 
/(-*). 

16. Show that s’— i’-f-2i-l-l=0 has no positive root. Hint: multiply by s-l-1. 

68. Sturm’s Method. Let/(x)=0 be an equation with real coefficients, 
and S'{x) the first derivative of /(x). The first step of the usual process 
of finding the greatest common divisor of /(x) and /'(x), if it exists, con- 
sists in dividing / by /' until we obtain a remainder r(x), whose degree 
is less than that of Then, if gi is the quotient, we have j=qif-\-r. 
Instead of 'dividing/' by r, as in the greatest common divisor process, and 
proceeding further in that manner, we write / 2 =—J', divide/' by/ 2 , and 
denote bj’’ /s the remainder with its sign changed. Thus 

f—Qif—fz, f' = Q2f2—f3, f2 = qzh—U, . • . . 

The latter equations, in which each remainder is exhibited as the nega- 
tive of a polynomial /«, jdeld a modified process, just as effective as the 
usual process, of finding the greatest common divisor G of /(x) and/'(x) if 
it exists. 

Suppose that — /i is the first constant remainder. If /j = 0, then /s = G, 
since /s divides /2 and hence also /' and / (as shown by using our above 
equations in reverse order); while, conversely, any common divisor of 
/ and/' divides /2 and hence also/ 3 . 

But if /i is a constant r^0,/and/' have no common divisor involving 
X. This case arises if and only if /(x) = 0 has no multiple root (§ 58), 
and is tlie only case considered in §§ 69-71. 

Before stating Sturm’s theorem in general, we shall state it for a 
numerical case and illustrate its use. 
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Example /(r)»i*4-4A’— 7 Then/'~34:*+8r, 

/-(ii+iV-A /.“V*+7, 

r-(H*+iVAy.-A /.-tm 

For • * "1, the wgM of /, /*, ft, fu — + + +, »howmg e single variation of 
consecutive signs For x=2, the signs are + + + +, showing no variation of sign 
Sturm's theorem states that there IS a mnji* peal loot between 1 and 2 Forr— — ®, 
the signs are — + — showing 3 variations of sign The theorem states that there 
are 3—1 “2 real roots between — so and I Similarly, 


X 

i Signs 

Variations 

- 1 

- - + + 

! 

- 2 

+ - - + 

2 

- 3 

+ + - + 

2 

-4 

1 — + — + 

3 


Hence there u a single real root between —2 and —1, and a single one between —4 
and —3 Each real root has now been ttolaud tioce we have found two numbers 
such that a single real root lies betveen these twooumben or is equal to one of them 

Soma of the preced ng compuUtMO was unnecessary After isolating a root between 
—2 and —I, we know that the teipaioing root la wolaled between —09 and —2 But 
before we can compute it by llomer’e n*tbod we need closer hmita for it For that 
purpose It IS unnecessary to find the sgna of all four functions, but merely the sign 
of/(ie3) 

69. Sturm’s Theorem. Lei f(x ) » 0 te on e(pjalion mth real eoeficients 
and without multiple roole Modify ’he usual process of seeking the great- 
est common dinsor of fix) and its first deniatue^ fiix) by exhibiting each 
remainder as the negalne of a pidynomial fi 

(1) f=<l\fy-fa, fi-qafa—fz, h=<lzf%—h, ., /». 

where'' /, is a eonstanl^O Jf a and b o" real numbers, u<b, neither 

* Before going further, check that the preceding relations hold when *=l bv inscrt- 
mg the computed values of/ /’,/,forx— 1 Elxpenence shows that most students make 
some error m finding ft, f, , so that checking la essential 

> The notation /i instead of the usual/ andaimiUrly/, instead of f, is used to reg- 
ularue the notation of all the/'s, and enables us to write any one of the equations (1) 
in the single notation (3) 

' If the division process did not yield ultunatety a constant remainder r^O, f and f 
would have a common factor mvolvingx, sod b^ce/fx)— 0 a multiole root 
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a root of fix) = 0, the number of real roots of fix) =0 between a and b is equal 
to the excess of the number of variations of sign of 

( 2 ) fi^)) fzix)) • • • } fn-li^)} fn 

for x=a over the number of variations of sign for x=b. Terms which vanish 
are to be dropped out before counting the variations of sign. 

For brevity, let 7* denote the number of variations of sign of the 
numbers (2) when a: is a particular real number not a root of /(x) = 0. 

First, if xi and xg are real numbers such that no one of the continuous 
functions (2) vanishes for a value of x between xi and X 2 or for x=xi or 
x=X 2 , the values of any one of these functions for x=xi and x=X 2 are 
both positive or both negative (§ 63), and therefore 7ii=7jj. 

Second, let p be a root of /<(x) =0, where 1 S i<n. Then 

(3) /<_i(a:)= 9 ,/«(x)-/,+ifx), 

and the equations (1) following this one show that/,_i(x) and /<(x) have 
no common divisor involving x (since it would divide the constant /„), 
By hypothesis, /<{x) has the factor x—p. Hence /<_i(x) does not have 
this factor x— p. Thus, by (3), 

/<-i(p) = -/<+i(p)7^0. 

Hence, if p is a sufficiently small positive number, the values of 
/<-i(x), /<(x), /<+i(x) 

for x=p~p show just one variation of sign, since the first and third 
values are of opposite sign, and for x= p+p show just one variation of 
sign, and therefore show no change in the number of variations of sign 
for the two values of x. 

It follows from the first and second cases that 7„=7p if a and p are 
real numbers for neither of which any one of the functions (2) vanishes 
and such that no root of /(x) = 0 lies between a and /3. 

Third, let r be a root of fix) =0. By Taylor’s theorem (8) of § 56, 

/(r-p) = -p/'(r)+|p2/"(r)- . . . , 

fir+p)= Pf'ir)+ipr'ir)+ . . . . 

If p is a sufficiently small positive number, each of these polynomials in 
p has the same sign as its first term. For, after removing the factor p, - 
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Tve obtain a quotient of tho fom oo+a, where a=aip+<i 2 P*+ is 
numcncally Ic's than oo for all values of p sufRciently small (§ 62) Hence 
if /'(r) IS positive, /(r-p) is negitive and f(r+p) is positive, so that the 
terms /(z), fi(x)^f'(x) have the signs — + for r=r— p and the signs 

+ + for x=r+p If /'(r) is negative, these signs are + — and 

respectively In each case, /(i), /i(i) show one more variation of sign 
for i=r— p than for r=f4-p Evidently p may be chosen so small that 
no one of thefiinctions/ifz), ,/,\anishes for cither z=r—p or x=r+p, 
and such that /i(z) docs not vanish for a value of x between r—p and 
r+p so that f{z) *» 0 has the single real root r between these limits (§ 65) 
Hence by the first and second cases, fi, , /, show the same number 
of variations of sign for x=r—p as for i=r+p Thus, for the entire 
senes of functions (2), we have 

The real roots of fix) •• 0 within the main interval from a to 6 (i e , the 
aggregate of numbers between o and 6) separate it into intervals By 
the earlier rc«ult, !« has the same value for all numbers in the same 
inten al By tho present result (•!), the value of V, in any interval exceeds 
the value for the next interval by unity Hence V, exceeds I* by the 
number of real roots between a and b 

ConoLiARY If a<i>, then r,i r» 

A violation of this Corollary usually indicates an error m tho com* 
putation of Sturm’s functions (2) 

EXEItaSES 

Isolate by Sturm s theorem the rest roots of 

I i»+2i+20-0 2 

70 Simplifications of Sturm's Functions In order to avoid fractions, 
we may first multiply /(i) l^ a panlac constant before dividing it by 
fi(z), and similarly multiply /i l^ a positive constant before dividing it 
by fz, etc Moreover, w e may remove from any /, any factor Ki which is 
either a positive constant or a polynomial in x positive for' alx£b, 
and use the remaining factor Ft as the next divisor 

To prove that Sturm's theorem remains true when these modified 

■ Usually we would require that I< be poaitnre for all values of z, since we usually 
wish to employ the Imuta — oo and + «o 
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functions/, F\, . . . , are employed in place of functions (2), consider 
the equations replacing (1) : 

fi=kiFi, C2f=qiFi—k2F2, C3Fi = q2F2—hF3, 

CiF2 = q3F3~kiFi, . . . , CnFm-2 — Qm-l^m-l~k„Fm, 

in Tvliicli C 2 , C 3 , . . . are positive constants and F„ is a constant A 

common divisor (involving x) of and Ft would divide F<_ 2 , . . . , 
F 2 , Fi, f, /i, whereas /(x) =0 has no multiple roots. Hence if p is a root 
of F«(a:) = 0, then F,_i(p)7^0 and 

C(+if^i-i(p) = fcf+i(p)-^n-i(p)) A;<+i(p)>0. 

Thus and Ff^i have opposite signs for x= p. We proceed as in § 69. 

Example 1. If f(x) =2;’+63:— 10, /i=3(a:’+2) is always positive. Hence we may 
employ f and fi = l. For i = — oo , there is one variation of sign; for a: = + 00 , no 
variation. Hence there is a single real root; it lies between 1 and 2. 

Example 2. If /(x) =2x‘— 13x^ — lOx— 19, we may take 

/i=4x»-13x-5. 

Then 

2/=:^. -h A = 13x’+15x+38 = 13 (x+-^)HHF- 

Since A is always positive, we need go no further (we may take Fj = l). For x = — 00 , 

the signs are d k; for x= + *, + + +• Hence there are two real roots. The 

signs for 1=0 are — — j-- Hence one real root is positive and the other negative. 

EXERCISES 

Isolate by Sturm’s theorem the real roots of 
1. i’+3x=-2x-5=0. 2. x‘+12x=+5x-9=0. 

3. x>-7x-7=0. 4. 3x‘-6x2+8x-3=0. 

5. x'+6x‘— 30x-— 12x— 9=0 [stop with/j], 

6. x*-8i’+25i=-36x+8=0. 

7. For/=x’+px+g (p^O), show that/i=3x-+p, fi= ~2px—3q, 

‘ip-fi = (-6pi+9g)/2-/3, /,= -4p’— 27gS 

BO that A is the discriminant A (§ 44). Let [p] denote the sign of p. Then the signs 

of A A, A, A arc 

— + +[p] [A] forx= — 00 , 

+ + — [p] [A] forx = + oo. 

For A negative there is a single re.al root. For A positive and therefore p negative, 
there are three distinct real roots. For A =0, A is a divisor of/, and/, so that x = 
— 3g/ {2p) is a double root. 
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8 Pruvc that if one of Sturm s lunctuuis hu p unaginary roota the initial equation 
has at least 71 imaginary rooW 

9 State Sturm a theorem ao aa to include the poaaibility of a, or b or both a and 6 
being roots of/(i)“0 

71. Sturm’s Functions for a Qoartic Equation For the reduced quar- 
Uc equation/(z)=0, 

f J =r*+qs*+rr+*, 

( 5 ) • fi=4^+2g2+r, 

/2= — 2g2*— Srz— 4s 

Let q^Q and divide 9*/i by/* The negative of the remainder is 

(6) /3=L2-12ri-rg», L^Sqt-2'f-97^ 

Let L^O Then /« is a constant which is zero if and only if f*^0 has 
multiple roots 1 e , if its discriminant A is zero We therefore desire A 
expressed as a multiple of A By $ 50, 

(7) i--4/»-27«s, P 4s-^, 

We may employ P and <3 to eliminate 

(8) 4, P-f P Q-fgP-f^ 

We divide LVz by 

(9) /3=Lz+3rP, L=9Q+4gP 

The negative of the remainder* is 

(10) 18r«qP*-9T«LP+4»£,*=8*A 

The left member is easily reduced to Inserting the values (8) and 
replacing i* by L(dQ+4gP), we get 

-18qQP’‘~\2(^P^-ifq*Pi+2qP^L+^PL-3g^QL 

Replacing L by its value (9), we get Hence we may take 

(11) A=A 

Hence if qLAy^Q, we may take (5), (9), (II) as Sturm’s functions 

* Found directly by the Remainder Theoran (J 14) by inserting the root t— —3 tP/1 
of/t-0 into L'/i 
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Denote the sign of q by [g]. The signs of Sturm’s functions are 
+ - -[?] -[i-] N forx=-oo, 

+ + -fo] [L] [A] forx=4-oo.. 

First, let A>0. If g is negative and L is positive, the signs are 

.j 1 [- and + + + ++, so that there are four real roots. In each 

of the remaining three cases for g and L, there are two variations of sign 
in either of the two series and hence there is no real root. 

Next, let A<0. In each of the three cases in which g and L are not 
both positive, there are three variations of sign in the first series and one 
variation in the second, and hence just two real roots. If g and L are 
both positive, the number of variations is 1 in the first series and 3 in the 
second, so that this case is excluded by the Corollary to Sturm’s theorem. 
To give a direct proof, note that, by the value of L in (6), L>0, g>0 
imply 4s>g^, i.e., s>0, and hence, by (7), P is negative, so that each term 
of (10) is^O, whenceA>0. 

Hence, if gLAj^O, there are four distinct real roots if and only if A 
and L are positive, and g negative; two distinct real and two imaginary 
roots if and only if A is negative. 

Combining this result with that in Ex. 4 below, we obtain the 

Theorem. If the discriminant A of 2d+g22+r2+s = 0 is negative, there 
arc (loo distinct real roots and hvo imaginary roots; if A>0, g<0, L>0, 
four distinct real roots; A > 0 and either q ^0 or L £0, no real roots. Here 
L=8qs—2(f—9r^. 

Our discussion furnished also the series of Sturm functions, which 
may be used in isolating the roots. 

EXERCISES 

1. If gAr^O, L=0, then/,=3rP is not zero (there being no multiple root) and its 
sign is immaterial in determining the number of real roots. Prove that there are just 
two real roots if g<0, and none if g>0. By (10), g has the same sign as A. 

2. If rA?^0, g=0, obtain — by substituting z = — 4s/(3r) in/,. Show- that we may 
take/,=rA and that there are just two real roots if A <0, and no real roots if A>0. 

3. If A?^0, g=r=0, prove that there are just two real roofs if A<0, and no real 
roots if A>0. Since A=256s’, check by solving z^+s=0. 

4. If AyiO, gL=0, there are just two real roots if A<0, and no real roots if A>0. 
[Combine the results in Exs. 1-3.] 

5. Apply the theorem to Exs. 2, 4, 6 of § 70. 

6. Isolate the teal toots of Exs. 3, 4, 5 of § 48. 



ISOLATIOH OF REAL ROOTS 


[Cs VI 


72. Sturm’s Theorem for the Case of Multiple Roots. We might 
remove the multiple roots by dividing/(z) by * /,(r), the greatest com- 
mon divisor of /(i) and but this nould involve considerable 

work, besides wasting the valuable information in hand Aj before, we 
suppose /(a) and J{b) different from zero We have equations ( 1 ) in 
which /, 13 now not a constant 

The difference V»— ts the number of real rooU between a and b each 
multiple root being counted onljf once 

If pisaroot of/,(i)=0,but not a multiple root of then 

IS not zero For, if it were zero, x—p would by (1) be a common factor 
of / and fi Wc may now proceed as in the second case in § 69 

The third ca«« requires a modified proof onl> when r is a multiple root 
Let r be a root of multiplicity m, m>2 Then /(r), /'(r), . . , /‘•""(r) 
are zero and, by Taylor’s theorem, 

Jfr+P)- , , 

These have like signs if p ts a positive number so small that the signs of 
the polynomials are those of their first terms Similarly, fir—p) and 
/'(r— p) have opposite signs Hence / and /i show one more variation 
of sign for x^T—p than for r*r+p Now (r— r)"”* is a factor of / 
and fi and hence, by (1), of /j /« Let their quotients by this 
factor be <fr, 4i, Theivequations(l) hold afterthe/aarerepKced 

by the ^’s Taking p so small that ♦i(ar)=0 has no root between r— p 
and r+p, we see by the first and second cases in § 69 that 
show the same number of variations of sign for z^r— p as for z = r+p 
The same is true for f\, , /, since the products of ^i, , by 

(z— O""* have for a gnen z the same signs as or the same 

signs as , —<tn But tlie latter senes evidently shows the 

same number of vanations of sign as Hence (4) is proved 

and consequently the present theorem 


‘ The degree of f{x) is not r nor 


necessarily n in $ 69 
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EXERCISES 

1. For /= i*-8j=+ 16, ‘prove that Fi=x’-4a:, Fi=xFa. Hence n=2. 

Verify that F-oo=2, Vco=0, and that there are just two real roots, each a double 
root. 

Discuss similarly the following equations. 

2 , xi^5x’‘+0x--7x+2=0. 3. x‘+2x’-3i2-4x+4=0. 4. x*-x^-2x+2=0. 

73. Budan’s Theorem. Let a and b be real numbers, a<b, neither^ 
a root of f{x) = 0, an equation of degree n with teal coefficients. Let Va 
denote the number of variations of sign of 

(12) fix), fix), fix), ..., f^^x) 

for x—a, after vanishing terms have been deleted. Then Fa— !'» is either 
the number of real roots of /(a:) = 0 between a and b or exceeds the number 
of those roots by a positive even integer. A root of multiplicity m is here 
counted as m roots. 

For example, if /(x) =i’— 7s— 7, then /'=3i*— 7, /"=6x, /"'=6. Their values 
for 1=3, 4, —2, —1 are tabulated below. > 


X 

/ 

/' 

/" /"' 

Variations 

3 

-1 

20 

18 6 

1 

4 

29 

41 

24 6 

0 

-2 

-1 

5 

-12 6 

3 

-1 

-1 

-4 

-66 

1 


Hence the theorem shows that there is a single real root between 3 and '4, and two 
or no real roots between —2 and —1. The theorem does not tell us the exact number 
of mots between the latter limits. To decide this ambiguity, note that /( — 3/2) = +1/8, 
so that there is a single real root between —2 and —1.5, and a single one between 
—1.5 and —1. 

The proof is quite simple if no term of the series (12) vanishes for 
x=a or for x = b and if no two consecutive terms vanish for the same 
value of X between a and b. Indeed, if no one of the terms vanishes for 
Xilxlxo, then Vxi = Vx,, since any term has the same sign for x=xi 
as for a-=.T 2 . Next, let r be a root of f'^{x) = 0, a<r<h. By hypothesis, 

' In case a or 5 is a root of /(i) =0, the theorem holds if we count the number of 
roots>a and £6. This inclusive theorem has been proved, by means of Rolle’s 
theorem, by A. Hunvitz, Mathematische A7tnalcn, Vol. 71, 1912, p. 584, who extended 
Budan’s theorem from the rase of a polynomial to a function f(x) which is real and 
regular for a£x<6. 
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the first denvative /“■*■“(*) of y“(*) *8 not zero for z=r As in the third 
step (now actually the case t=0) la § 69, -and show one 

inorc\anation of signfor z=r—p than for i=r+p, where p is a sufficiently 
small positive number If t>0, /® is preceded by a term m (12) 
By hypothesis, /‘'“O{z)?<0 for i=r and hence has the same sign for 
x=r—p and i=r+p when p is sufficiently small For these values of 
j, /“’(i) has opposite signs Hence/”"” and/“'showonerooreoroneIess 
variation of sign for i=r— p lhanforz=r+P, so that show 
tw 0 more variations or the same number of variations of sign 

Next, let no term of the senes (12) vanish for i=o or for x=b, but 
let several succssive terms 

(13) /">(r). /«-»‘>(z), . /»«-«(r) 

all vanish for a value r of i between a and b, while /''•••^’(r) is not zero, 
but is eaj positive * Lot /i be the interval between r— p and r, and h 
the interval between r and r+p Let the positive number p be so small 
that no one of the functions (13) or/'*+^(r) is zero in these intervals, so 
that the last function remains po«itivc Hence /'*+^"''(i) increases with 
z (since Its derivative is positive) and is therefore negative in 7i 
and positive in/j Thus /<**^’”{z) decreases in h and increases m It 
and hence is positive m each interval In this manner we may verify the 
signs in the following table 

j’lfl _(«+!) yii+j-n yn+a 

/i I i-y (~y ‘ - + - + 

/z|+ + + + + + + 

Hence these functions show j variations of sign m h and none in Ig 

If i>0, the first term of (13) is preceded by a function /'‘"’’(z) which 
's not zero for z=r and hence not zero in Ii or Ig if p is sufficiently small 
If j is even, the signs of /” ” and are + + or — + in both 7i and Ig, 
showing no loss m the number of vanations of sign If j is odd, their 
signs are 

7i I + - 

or 

/a I + + h 

so that there is a loss or gam of a single variation of sign Hence 

' If negative, ali signs m the tablebelowaR to bechan^d but the conclusion holds 
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show a loss of j variations of sign if j is even, and a loss of 1 if j is odd, 
and hence always a loss of an even number ^0 of variations of sign. 

If i=Q, =/ has 7 - as a j-fold root and the functions in the table show 

j more variations of sign for x=r—p than for a:=r+p. 

Thus, when no one of the functions (12) vanishes for a: = a or for x—h, 
the theorem follows as at the end of § 69 (with unity replaced by the 
multiplicity of a root). 

Finally, let one of the functions (12), other than f{x) itself, vanish for 
x—a or for x=h. If 5 is a sufficiently small positive number, all of the 
N roots of /(x)=0 between a and h lie between a+5 and 6— S, and for 
the latter values no one of the functions (12) is zero. By the above 
proof, 

F<.+^-n-a=A^+2^, 

Va-Va^,=2j, y,_5-n=2s, 

where i, j, s are integers ^ 0. Hence Vg— F6= A''+2(<+j+s). 

Descartes’ rule of signs (§ 67) is a corollary to Budan’s theorem. Con- 
sider any equation with real coefficients 

/(x)s=aox’'-}-aii""'+ . . . -|-o„_ix-fa„=0, 

having a„?^0. For x=Q the functions (12) have the same signs as 

Hence Fo is equal to the number F of variations of sign of f{x). 

For x = + 00 , the functions all have the same sign, which is that of oq. 
Thus Fo— Foo = F is either the number of positive roots or exceeds that 
number by a positive even integer. Finally, Descartes’ rule holds if 
a„=0, as shown by removing the factors a:. 

EXERCISES 

Isolate by Budan’s theorem the real roots of 

1. i>-i’ -21+1=0 2. a:>+3j:=-2x-5=0. 

3. Prove that if /(n)7^0, Fo equals the number of real roots >a or exceeds that 
number by an even integer. 

4. Prove that there is no root greater than a number making each of the functions 
(12) positive, if the leading coefficient of fix) is positive. (Newton.) 

5. Hence verify that 2.*-4i5-3r+23=0 has no root >4. 

6. Show that s*— 4x^-1 i’+Gx+2=0 has no root >3. 
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EXERCISES 

1. If g(x) =aa:'+6x+c has a negative discriminant D=b^—4:ac, g has the same sign 
as a for all real values of x. Hint: 


Aag = (2ax+br—D. 

2. Hence, when the Sturm’s function g(x) of the second degree has a negative 
discriminant, we may replace it by its first coefficient a and discard all later Sturm’s 
functions. 

3. Show that z*+3?i’+3(p+9^)x+c=0 has a single real root if p>0. 

Show that three Sturm’s functions suffice to prove that there are exactly two real 


roots of the following equations. 

4. z‘+4x’+3z’— 2x— 5=0. 

6. x‘+4x’+3x2-2x-8 = 0. 

8. z‘+4x’+3i2-6i-9 = 0. 

10. x‘+6z’+6z=+5x+l=0, 6 > 4. 

12. x*+bx3+30i“+5bx+25=0, b^ > 80. 
14. 2x‘-8x»-8x-l=0. 

16. 2i‘-8x»4-6x’-8x+l=0. 

18. x‘+6x’+*=-.B = 0, b^2,E^l. 

20. x*+3x^+Sx^-E=0,Ek 2. 

22. xH4i’+4i2-£:=0, 2. 

24. x‘+4x’+6x*-E = 0, E& 4. 


5. x*-4x’+3x2-6x-3=0. 

7. x*-4x’+3x2-6x-6=0. 

9. X*— 4x’+3x-— lOx— 5 =0. 

11. x<+bx3+12x2+2bx+4=0, b* > 32. 
13. x‘-8i»+18x2-32x+12=0. 

15. x^— 4x’— 4x— j=0, j > — J. 

17. X^— 4X®+3X* — 4X — 77! =0, TO >— f. 
19. x<+bx3+2x2-E = 0, b ^ 3, E ^ 1. 
21. x<+bx5+3x2-E=0, b ^ 4, E ^ 1. 
23. x‘+bx»+4i'-E = 0, b ^ 5, E S 1. 
25. x‘+bx’+5x=-E=0, b& 6, ES i; 
b=5, E& 2. 


For the following equations show that we may stop with Sturm’s quartic function 
which is the product of two factors like I’+c, c > 0: 


26. x«-2x*-4x>-2=0. 27. x‘-6x‘-30x2+12x-9=0. 

28. x«-2x‘-5i’-4=0. 29. x'-2x<-6x=-6=0. 

The preceding equations are ideal for solution by Homer’s Method. 


Solve the following equations by Newton’s Method: 


30. x»-30x-110=0. 

32. iH78x-65=0. 

34. i>+63x-84=0. 

36. x'-5z=+22x- 30=0. 
38. x<-10x5+40x-16=0. 


31. x’-36x-84=0, .4775. 6.9361683. 
33. x’-60x-180 = 0, .4775. 8.9504582. 
35. x>+84x— 84=0, Arts. 0.9885012. 
37. x<+x!+30x-50=0. 

39. x*-x2+44x+26=0. 



CIUPTER VII 


Solution op NtmesicAL Equations 

74. Horner’s Method.' Alter we have isolated a real root of a real 
equation by one of the methods m Chapter VI, we can compute the root 
to any desired number of decimal places either by Horner’s method, 
which 13 available only for polynomial equations, or by Newton’s method 
(1 75), which is applicable also to logarithmic, tngonometne, and other 
equations 

To find the root between 2 and 3 of 

(1) *»-2j-5-0. 

set i"2+p Direct substitution gives the trarujormed eq^ioiion for p 

(2) |)3+6p*+10p-l-0 

The method just used is labonous especially for equations of high degree 
iVe next explain a simpler method Since p«x— 2, 

*'-2r-5B(*-2)5+6(*-2>»+10(*-2)-l, 
identically in x Hence —I is the remainder obtained when the given 
polynomial a®— 2 j— 5 is divided by a— 2 By inspection, the quotient 
Q is equal to 

(a-2)»+6(a-2)+10 

Hence 10 is the remainder obtained when Q is divided by z— 2 The 
new quotient is equal to (a— 2)+6, and another division gives the 
remainder G Hence to find the coefficients 6, 10, —1 of the terms foUow- 
mg p* in the transformed equation (2), we have only to divide the given 
polynomial a^— 2a-5 byx— 2, the quotient Q by i-2, etc, and take 
the remainders in reverse order However, when this work is performed 
by synthetic division (§ 15) as tabulated below, no reversal of order is 

■W G Homer, London PhSoeopfaical Tranuctions ]gl9 Earlier (1804) by P 
Ruffioi See Bulletin American Math Socte^, May 1911 
86 
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necessary, since 
order. 


the coefficients then appear on the page 


1 0 

-2 

2 

4 

1 2 

2 

2 

8 

1 4 

i 10 

2 



1 6 


-5 

4 


1 ? 


in their desired 


Thus 1, 6, 10, — 1 are the coefficients of the desired equation (2). 

To obtain an approximation to the decimal p, we ignore for the moment 
the terms involving fp and then by lOp— 1 = 0, p = 0.1. But this 
value is too large since the terms ignored are all positive. For p=0.09, 
the polynomial in (2) is found to be negative, while for p = 0.1 it was just 
seen to be positive. Hence p = 0.09+A, where h is of the denomination 
thousandths. The coefficients 1, 6.27, ... of the transformed equation 
for h appear in heavy type just under the first zigzag line in the following 
scheme; 


1 

6 

0.09 


10 

0.5481 

-1 

0.949329 

[0.09 

1 

6.09 

0.09 


10.5481 

0.5562 

-0.060671 


1 

6.181 

0.09 


11.1043 

1 

0.05 

11.1 

1 

6.27 




= 0.004 


0.004 

0.025096 

0.044517584 


1 

6.274 

0.004 

11.129396 

0.025112 

-0.006163416 


1 

6.278 

0.004 

11.164608 




1 6.282 


Hence a:=2.094+t, where t is a root of 

t3+6.282f2+ii.i54508<-0.006153416 = 0. 

By the last two terms, t is between 0.0005 and 0.0006. Then the value 
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ot Cs»+C282r IS found to lie between 000000157 and 0 00000227 
Hence we may ignore C provided the constant term be reduced by an 
amount between these limits Whichever of the two limits we use, we 
obtain the same dividend below correct to G decimal places 

11 lM50a I 0 000151 { 0 00055l=t 
5577 

574 

558 

16 

11 

5 

Since the quotient is 0 00054-, only two decimal places of the divisor are 
used except to see by inspection how much is to be earned when making 
the first multiplication Hence we mark a cross above the figure 5 m 
the hundredths place of the dmsor and use only 11 16 Before making 
the multiplication by the second significant figure 6 of the quotient t, 
we mark a cross over the figure 1 in the tenths place of the dmsor and 
hence use only 11 1 Thusz-2(KM5514+ with doubt only as to whether 

the last figure should be 4 or 5 

If we require a greater number of decimal places it is not necessary 
to go back and construct a new Irvnsformcd equation from the equation 
in t We have only to revise our preceding dividend on the basis of our 
present better value of t We now know that t is between 0 000551 and 
0 000552 To compute the new value of the correction C, in which we 
may evidently ignore we use logantbms 

log 5 51 « 74115 log 6 52 = 74194 

log 5 513 =1 45230 log 5 52* >=1 48388 

log 6 282 = 79810 1<« 6 282= 79810 

log 100 72 = 2 28040 log 191 42 =2 28198 

Hence C is between 0 000001907 and 0 000001915 Whichever of the two 
limits we use we obtain the same new dividend below correct to 8 decimal 
places 
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11.154508 I 0.00615150 | 0.00055148 
557725 


57425 

55773 


1652 

1115 


537 

446 

91 

89 

2 

Hence, 6nally, a: =2.094551482, with doubt only as to the last figure. 

EXERCISES 

(The number of transformations made by synthetic division should be about half 
the number of sipnificant figures desired for a root.) 

By one of the methods in Chapter VI, isolate each real root of the followng equa- 
tions, and compute each real root to 5 decimal places. 

I. i»+2x+20=0. 2. x»-t-3x2-2x-5=0. 

3. x’+i’-2x-l=0. 4. x<+4x’-17.5x’'-18x+58.5=0. 

5. x‘-ll,727x-f-40, 385=0. 6. x’ = 10. 

Find to 7 decimal places all the real roots of 

7. x>+4i’-7=0. 8. x’-7x-7=0. 

Find to 8 decimal places 

9. The root between 2 and 3 of x’— x— 9=0 (make only 3 transformations). 

10. The real cube root of 7.976. 

II. The abscissa of the real point of intersection of the conics y=x=, xy-bx-bSy— 
6 = 0 . 

12. Find to 3 decimal places the abscissas of the points of intersection of x^-by’=9, 
y=x’— X. 

13. A sphere two feet in diameter is formed of a kind of w'ood a cubic foot of which 
weighs two-thirds as much as a cubic foot of water (i.c., the specific gravity of the wood 
IS 2/3). Find to four signific-ant figures the depth h to which the floating sphere 
will sink in w'ater. 

Hints: The volume of a sphere of radius r is Hence our sphere whose radius 
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Is I foot weigbs u much ftS 4* I cohic feet of water The volume of the suhmeiged 
portion of the sphere is xA’fr— 4^) cubic feel Since this is also the volume of the dis- 
placed water, its value for r=l must equal j Hence A*— 3A>-}-| =0 

14 If the specific gravity of cork is 1/4 find to four significant figures bow far a 
cork sphere two feet m diameter will suite m water 

15 Compute cos 20* to four decimal places by use of 

eoa3A*«4oosM— 3coSil, eos60*»4 

13 Three intersecting edges of a rectangular parallelopiped are of lengths 6, 8, 
and 10 feet If the volume u increased by 300 cubic feet by equal elongations of tbs 
edges, find the donation to three decimal places 

17 Given that the volume of a right circular cylmder is or and the total area of 
its surface is 28r, prove that the radius r of its base is a root of r'— 0r-(-a-O If a >56, 
^=28, find to four decimal places the two positive roots r The corresponding attitude 
is«/r* 

18 tVhat rate of interest is implied in an offer to sell a house for 82700 cash, or 
in annual matsUroents each of 81000 payable 1 2 and 3 yean from dateT 

Hint The amount of 12700 with interest for 3 y«n should be equal to the sum 
of the first payment with interest (or 2 years the amount of the second pavment with 
interest for 1 year and the third paynent Hence if r is the rate of uterest and we 
writs s tor l-fr, vs have 

2700 **-1000 *‘+1000 *+1000 

19 Find the rate of interest implied id an offer to »eU a bouse (or 83500 cash, or lo 
annual uiatallments each of 81000 payable 1, 2, 3 and 4 yrsrs from date 

20 Find the rate of interest unplied in an offer to seU a house (or 83500 cash, or 
84000 payable m annual lustallmenta each of 81000, the first payable now 

Newton's Method Pnor to 1070, Newton' had already found 
the root between 2 and 3 of equation (I) He replaced z by 2+p and 
obtained (2) Since p is a decimal, he neglected the terms m and p^, 
and hence obtained p»0 1, approximately Replacing p by 0 I+9 m 
(2), he obtamed 

39*+11 23ff +Of»l =0 

Dividing —0 001 by 1123, he obtained —0 0054 as the approximate 
value of q Neglecting g® and replacing g by — 00054+r, he obtained 
63r^+ll 1619Gr+0 000541708 =0 
Dropping 6 3r®, he found r and hence 

r=2-|-0 1-0 0054-000001853 = 2 09455147, 

‘Isaac Newton OpusetUa, I, 17M, p 10 p 37 
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of which all figures but the last are correct (§ 74). But the method will 
not often lead so quickly to so accurate a value of the root. 

Newton used the close approximation 0.1 to p, in spite of the fact 
that this value exceeds the root p and hence led to a negative correction 
at the next step. This is in contrast with Homer’s method in which each 
correction is positive, so that each approximation must be chosen less 
than the root, as 0.09 for p. 

Newton’s method may be presented in the following general form, 
which is applicable to any equation f(x) = 0, whether f(x) is a polynomial 
or not. Given an approximate value a of a real root, we can usually 
find a closer approximation a+h to the root by neglecting the powers 
h^, h^, . . . of the small number h in Taylor’s formula (§ 56) 

f(a+h)=f(a)+f'm+r(a)j+ . . . 

and hence by taking 

f(a)+r(a)h^0, 

We then repeat the process with ai =ad-/i in place of the former a. 

Thus in Newton’s example, f(x)—3?—2x—5, we have, for a =2, 

oi=o+h=2.1. 


, _-/(2.1) -0.061 
^ /'(2.1) " 11.23 


-0.0054 . . . . 


76. Graphical Discussion of Newton’s Method. Using rectangular 
coordinates, consider the graph of y=f(x) and the point P on it with, the 
abscissa OQ=a (Fig. 22). Let the tangent at P meet the a:-axis at T 



Fio. 22 


Fig. 23 
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and \et the graph meet the i-suoa &t S Take /k“QT, the subtangent 
Then 

QP-Ka), 



In the graph m Fig 22, OT^a+A is a better approximation to the 
root 05 than OQ « a The next step (indicated by dotted lines) gives a 
still better approximation OTi 

If, however we had begun with the abscissa o of a point Pi in Fig 22 
near a bend point, the aublaogenl would be very large and the method 
would probably fail to give a better approximation Failure is certain 
if we use a point Pj such that a single bend point lies between it and 5 

We ere concerned with the approximation to a root previously isolated 
as the only real root between two given numbers a end ^ These should 
be chosen so nearly equal that/f*) “0 has no real root between a and A 
and hence /(*) -y has no bcml point between a and B Further, "0 
has a root between our limits, our graph will have an inflexion point with 
an abscissa between a and B &nd the method will likely fail (Fig 23) 

Let, therefore, neither / (r) nor /"(i) vanish between o and B Since 
S" preserves Us sign in the interval from a to B, while / changes in sign, 
S' and / will have the &amo sign for one end point According as the 
abscissa of this point is a or 0 we take <i=cr or for the first step of 
Newton a process In fact, the tangent at one of the end points meets 
the z-axis at a point T with an absassa within the interval from a to ^ 
If / (x) 15 positive in the interval, so that the tangent makes an acute 
angle with the x-axis we have Fig 24 or Fig 25, if/' is negative, Fig 
26 or Fig 22 
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In Newton’s example, the graph between- the points with the abscissas a— 2 and 
^=3 is of the type in Fig. 24, but more nearly like a vertical straight line. In view 
of this feature of the graph, we may safely take a=a, as did Newton, although our 
general procedure would be to take ct“^. The next step, however, accords with our 
present process j we have a =^2, ^ =2.1 in Fig. 24 and hence we now take n getting 


0.061 

11.23 


=0.0054 


as the subtangent, and hence 2.1—0.0054 as the approximate root. 

If we have secured (as in Fig. 24 or Fig. 26) a better upper limit to the 
root than /3, we may take the abscissa c of the intersection of the chord 
AB with the a:-axis as a better lower limit than a. By similar triangles, 


whence 

( 3 ) 


-/(a) : c-a=fifi) : /3-c, 

m-f{cd • 


This method of finding the value of c intermediate to a and /3 is called the 
method of interpolation (regula falsi). 

In Newton’s e.\ample, a =2, 0=2.1, 

/(«) = -!, /O) =0.061, c=2.0942. 

The advantage of having c at each step is that we know a close limit 
of the error made in tWe appro.ximation to the root. 

We may combine the various possible cases discussed into one: 

/(^) = 0 hos a single real root between a and and f'{x) = 0, /"(x) = 0 
have no real root between a and (3, and if we designate by that one of the 
numbers a and jS for which /(/3) and f"{0) have the same sign, then the root 
lies in the narrower interval from c to P—fi0)/f{0), where c is given by (3). 

It is possible to prove ^ this theorem algebraically and to show that by 
repeated applications of it we can obtain two limits a', between which 
the root lies, such that a'— (3' is numerically less than any assigned posi- 
tive number. Hence the root can be found in this manner to any desired 
accuracy. 

Example. f { x )= x ^ -2x^-2, a = 2 \, /3=2i. Then 

/(«) = — sri, /0)=f 

'Weber’s Algebra, 2d ed., I, pp. 3S0-382; Kleines Lehrbuch dcr Algebra, 1912, p. 163. 
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Nritherof the roots 0, 4/3 of/ (z)— Oliesbetvecaaend B, so thdt/(z)-0 haa e gisgle 
real root between these limits ({65) Nor is the toot | of/"(z) >•0 within these Lmits 
The conditions of the theorem are therefore satisfied For a<x<B, the graph is of 
the type in Fig 24 We find that approximately 

e-m~23ia7. A-i»-^-2J714, 


/(Bx) 

‘"/(A.)' 


.2JS97 


For *. 
Fora< 


•2 3593, /(z) *■ —0 00003> We therefore have the root to four decimal plains 
•2 3503, 


/•(a) -72620, 


/(a) 


•22503041, 


which IS the value of the root correct to 7 decimal places We at once verify that the 
result IS greater than the root in view of our work and Fig 24, while if we change the 
final digit Irom I to 0, /(z) is negative 


EXERCISES 

1 For /(z)«*‘'fz‘-3z*-z-4, show by Descartes’ rule of signs that/'(z)-0 
and /"(z) -0 each hare a single positive root and that neither has a root between I 
and 2 IVhieh of the values 1 and 2 should be taken as 67 

2 Vi’hen eeekuig a root between 2 and 3 of z*— 1-9-0, which value should be 
taken as 67 

77 Systematic Computatloa of Roots b/Newtoa’s Method. Byway 
o! illustration we shal] compute to 7 decimal places a positive root of 
/(r)=i«+3:’-3x*-z-4*0 

Since /(I) » —6, /(2) =9, there ta a real rcot between I and 2. Since 
/'(i)«4i3+3x*-6x-l, /'(1)«=0, /'(2)'=31, 

the graph of y*»/(x) w approiumately boriiontal near (1, -6) and approxi- 
mately vertical near (2, 6) Hence the root is much nearer to 2 than to J. 
Thus in applying Newton’s method we employ o=2 as the first approxi- 
mation to the root The correction h ta then 


31 


The work of performing the substitutions z=2-f d, <?■= — 0 2+e, . . . , 
to find the transformed equations satisfied by d, e, . , is done by syn- 
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Ihetic division, exactly as in Horner’s method, except that some of the 


multipliers are now negative; 

1 1 -3 

2 6 

-1 

6 

-4 1 2 

10 

T~ 

3 

3 

5 

6 


2 

10 

26 


r 

5 

13 

31 



2 

14 



Y 

7 

27 




2 




T 

9 



1 -0.2 


-0.2 

-1.76 

-5.048 

-5.1904 


8.8 

25.24 

25.952 

0.8096 


-0.2 

-1.72 

-4.704 



8.6 

23.52 

21.248 



-0.2 

-1.68 




8.4 

21.84 


-0.8096 


-0.2 



21.248 

1 

8.2 



= -0.04 


-0.04 

-0.3264 

—0.860544 

-0.81549824 


8.16 

21.5136 

20.387456 

-0.00689824 


-0.04 

-0.3248 

-0.847552 



8.12 

21.1888 

19.639904 



-0.04 

-0.3232 




8.08 

20.8666 




-0.04 


„_0.005898_„.„,„ 

1 

8.04 



19.54 

The 

root is 2- 

-0.2 - 0.04+0.000302=1.760302, in which the last 


figure is in slight doubt. Indeed, it can be proved that if the final fraction 
g, when expressed as a decimal, has k zeros between the decimal point and the 
first significant figure, the division may he safely carried to 2k decimal places. 
In our example fc=3, so that we retained 6 decimal places in g. 

To proceed independently of this rule, we note that g is obviously 
between 0.00030 and 0.00031. Then the value of 9^+8.049^+20.86565^^ 
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IS found to lie between 0 000001878 nnd 0 000002006 ^Vhlchever of these 
limits we use as a correction by which to reduce the constant terra, we 
obtain the same dividend below correct to 6 decrnial places 

19 539904 I 0005896 ] 00003017 
005862 

20 

14 

H 

Hence the root va 1 7603017 to 7 decimal places 

EXERCISES 

1 Find to 8 decimal places the root between 2 and 3 of «*-«— 9-0 

2 riod to 7 decimal places the root between 2 and 3 of z*— 2r’-2-0 

3 Find the real tube root of 7 97C to % deeu^l places 

4 Explain by Taylor s expanswo of /(2 d) wby the values of 

/B) (B) KB) 2^/' B) 8) 

are m reverso order tho coefSeienis of the tmitaformed equation 

<f‘+W>+27<P+31(#+e-0 

ohta ned in tbe Eumple in Ibe text and pnoted in heavy type 

5 Tbe method commonly used to find tbe positive square root of n by a computing 
machine consists in dividing n by an assumed approximate value o of the square root 
and taking haU tbe tiun o( a and the quotient as a better approximatma Show that 
the latter agrees with tbe value of a+h given by applying Newton a method to 

78 Newtoa’s Method for Functions sot Polynomials 

Example 1 Fmd the angle s at tbe (enter of a circle subtended by a chord which 
cuts cpfi a segment whose area u one-eightti ot that ot the circle 

i?olu/M>n If z IS measured m radiana and if r is the radius, the area of tbe segment 
IS equal to the left member of 

■irSfi-aiBsl-inT*, 

whence 

z-em*-iw 
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By means of a graph of i/=s\ni and the straight line represented by Jr, wa 

see that the abscissa of their point of intersection is approximately 1.78 radians or 102°. 
Thus a = 102° is a first approximation to the root of 

f{x) = 1 — sin I— :^=0. 


By Newton’s method a better approximation is a+h, where ‘ 

-f{a) — g+sin tt-h-^Tr 


/'(a) 


♦ h = 

sin 102°= 0.9781 
i-(3.1416) = 0.7854 

1.7635 

102° = 1.7802 radians 


1— cos o 


cos 102°= -0.2079 
1-cos 102°= 1.2079 


^■=17 


-0.0167 

-/(a,) -1.7664+0.9809+0.7854 


/'(a.) 


1.1944 


-0.0167 

h= = -0.0138 

1.2079 

a, =o+A = 1.7664 

= -0.0001. 


Hence s=ai+hi = 1.7663 radians, or 101° 12' 

Example 2.' Solve x— log x=7, the logarithm being to base 10. 

Solution. Evidently x exceeds 7 by a positive decimal which is the value of log x. 
Hence in a table of common logarithms, we seek a number x between 7 and 8 whose 
logarithm coincides approximately with the decimal part of x. We read off the values 
in the second column. 


X 

logx 

X— log X 

7.897 

0.89746 

6.99954 

7.898 

0.89752 

7.00048 


By the final column the ratip of interpolation is 46/94. Hence x =7.8975 to four 
decimal places. 

' The derivative of sin x is cos i. We need the limit of 

sin (x+2fc)— sin x 2 cos ■il(2x+2t ) sin i(2fc) _cos (x+fc) sin k 
2k ~ 2k “ k 

as 21: approaches zero. Since the ratio of sin fc to k approaches 1, the limit is cos x. 

’This Ex. 2, which should be contrasted with Ex. 3, is solved by interpolation 
since that method is simpler than Newton’s method in this special case. 
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ExamflzS Solve 2 i— lottz— 7, the kf^tlun beuiK to base 10 

iSolufiort Evidently z u a LtUc less UiM 4 A table of common loganthms shows 
at once that a fan approximation to z is a«*3S Wnte 

/(z)«2z— logz— 7, logz*i/logiz, AfB04313. 

By calculus, the derivative of log< z is 1/x nesce 

rCol-J-0 1143-1^857, 

/(a) - 0 6 - log 3B - 0 fl -0 57978 - 0 02022, 

-A-~-00I07, <i,-a+A-3?893, 

fw 

/(8,)-OOOOOH, /(3 7892)- -0000148 

1^X00001-0 000078, x-376«r8 

AU Ggura of z are correct as shown try Vega’s Uhls of logarithms to 10 plseea. 

EXERCISES 

Find the angle z at the center of a circle subtended by a chord which cuts off n seg- 
ment whose ratio to the circle u 

1 i 2 i 

When the logarithms are to base 10, 

3 Solve2z— logz— 9 4 SolveSz— logz— 9 

5 Find the angle just >15* for which ) am z -{-Bm2z-0G4 

6 Find the angle just>72* for which z— Jsmz— 

7 Find all solutions of Ex 5 by replacing sin 2z by 2 am z coe x, squaring, and 
solving the quartic equation for oos z 

8 Solve similarly sin z-fsin 3z—l 2 

9 Find z to 6 decimal places at sin z— z— 2 

10 Find z to 5 decimal places in x-3 log^ z 

79. Inuginary Roots. To find the imaginary roots s+yi of an equa- 
tion /(2)=0 tilth real coeflicients, expand f(x+yi) by Taylor’s theorem; 
we get 

fW+/'Wy.-rW^-/"’fr),§3+ • • 
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Since x and y are to be real, and 

■ ... = 0 , 

(4) ■ yi’ 

r(x)-r(x)j^+fHx )^- ... = 0 . 

In the Example and Exercises below, /(z) is of degree 4 or less. Then 
the second equation (4) is linear in y®. Substituting the resulting value 
of y2 in the first equation (4), we obtain an equation E{x)==0, whose real 
roots may be found by one of the preceding methods. If the degree of 
/(z) exceeds 4, we may find Eix)=Q by eliminating y^ between the two 
equations (4) by one of the methods to be explained in Chapter X. 

Example. For/Cz) =z*— z+l, equations (4) are 

2+1— 6a:’2/’+j/‘=0, 42®— 1—422/* =0. 

Thus 

The cubic equation in 2 * has the single real root 

2 * =0.528727, X = ±0.72714. 

Then t/’ =0.184912 or 0.87254, and 

z=a;+yi=0.72714±0.43001t, -0.72714±0.93409i, 

EXERCISES 

Find the imaginary roots of 

1. z’-2z-5=0. 2. 28z’+9z‘-l=0. 

3. z*-3z®-6r=2. 4. z‘-42’+llz*-14z+10=0. 

5. z<-4z®+9z®-16z+20=0. Hint: 

E(2) si(2-2)(162<-64z’+1362’-1442+65) =0, 

and the last factor becomes fu;*+l)(u)’+9) for 2x—‘w+2. 

Note. If we know a real root r of a cubic equation /(z) =0, we may remove the 
factor z-r and solve the resulting quadratic equation. When, as usual, r involves 
several decimal places, this method is laborious and unsatisfactory. But we may utilize 
a device, explained in the author’s Elcmenlary Theory of Equalions, pp. 119-121, §§ 6, 7. 
As there explained, a simila: device may be used when we know two real roots of a 
quartic equation. 
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MlSCELLAKEOirS EXERCISES 
(Give ans^’en ta fi decimal places, ubIcss the coatrary u stated ) 

1 U hat arc of a circle M double Its ehordt 

S What arc of a Circle la double (be distance from the center of the circle to the 
chord of the arc? 

3 If it and B arc the points of contact of two tangents to a circle of radius unity 
from a point P without it and if arc AB la equal to PA find the length of the arc 

4 Find the angle at the center ot a circlo of a sector «bich u bisected by its chord 

5 Find the radiua of the stnallcst hollow iron sphere, with air exhau-sted which will 
float in water if ita shell is 1 meb thick and the ^wnfle gravity of iron is 7 3 

0 From one end of a diameter of a circle draw a chord which bisects the semicircle 

7 Tim equation z tan * “c orcura m the theory of vibrating stiinp Ita approxi 
mate Bolutiona may 1x1 found from the grapli* of y—cotr y^ile Find s when ««■! 

8 1 he equation tan z • z occurs ui tlie study of the vibralwiw of air vti a spherical 

cavity From an approximate solution Z| • I 8>, we obtain successively tetter approxi 
tnatiana z«>tan~‘ Zi>t <3T4«, z«>tan~' rt Find the Srst throe solutions to 

4 decimal places 

Q Find to 3 decimal places tbe flrst five solutioas of 



which oeeun in the theory of vibrattoiis m a copKal pipe 

10 4fi>-(3z-l)*«0 arises m the study of the isothermals of a gaa Find its 
roots when (0 rwOCl 02 and tii) r >000 

11 Solve z*>al00 13 bolve zwIOIogz 13 Solvss+Iogzwzlogz 

14 Solve Kepler s equation t/wz-^esin znhen d/w332° 2S 548 ,e“l4*3'20" 

15 In what tunc would a sum of money at 6% interest compounded annually 
amount to as much as the same sum at nmple interest at 8Vi? 

10 In a semicircle of dauneler z is inaeribed a quadrilateral with sides o b, c, t, 
then z’— (o*+5*+c>)r— ait(r=!0 (I Newton) Given b» 2 e»'4 find z 

17 It hat rate of inCcrcat is iinplieil in an offer to sell a bouse for {9000 cash, or 
{1000 down and 83000 at tbe end of each year for three yearn? 
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80 . Solution of Two Linear Equations by Determinants of Order 2 . 
Assume that there is a pair of numbers x and y for which 

aix+biy=hi, 

^ a2X+b2y=lC2. 

Multiply the members of the first equation by 62 and those of the second 
equation by —hi, and add the resulting equations. We get 

(0162 ~ 0261)2: = kib 2 — ^261. 

Employing the respective multipliers —02 and ai, we get 
(0162 — 0261)1/ = 01^2 ~ 02^1. 


The common multiplier of x and y is 
(2) 0162— 0261, 


and is denoted by the symbol 


(2') 


01 61 

02 62 


which is called a determinant of the second order, and also called the deter- 
minant of the coefficients of x and y in equations ( 1 ). The results above 
may now be written in the form 


Ol 61 


ki 61 


Ol 61 


Q-i hi 

02 f>2 

X~ 

k2 62 

1 

02 62 

j 

1 02 kz 


We shall call ki and k2 the known terms of our equations (1). Hence, 
if D is the determinant of the coefficients of the unknowns, the product of D by 
any one of the unknowns is equal to the determinant obtained from D by 
substitxding the knoiun terms in place of the coefficients of that unknown. 
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If D^O, relations (3) uniquely determine values of x and y 

1:162— Wi a\k2—a2ki 

D » D ’ 

and these values satisfy equations (1). for example, 

, , (0162— «26i)I:t 

oiz+6iv = ^ -*i. 

Hence our equations (1) have been solved by determinants when 
We shall treat in { 9C the more troublesome case m which 



EXERCISES 

Solve by deUnnuMaU the (oUo«nn( ^teens of equetioai 

1 3 3«-l-4y-tP. 3 w+hy-e>, 

*+8v“53 4*+ y- 9 bx-o’j»ob 

81 Soluboc of Three Linear Equations by Determinants of Order 3. 
Consider a system of three linear equations 

oi*+6iy+ci*e=L|, 

(4) 02i:+62y+ej***Af, 

‘»3X+63y+Cj* = *3 

Multiply the members of the first, second and third equations by 

( 5 ) bjCa— bscj, baci— bi< 5 , biCj— 6201, 
respectively, and add the leauKing equations We obtain an equation 
in which the coefficients of y and z are found to be lero, while the coefB* 
cient of X IS 

(6) 


oibsCa— oibsCs+flsbjCi— a2biC3+a36iC2— oabsci 
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Such an expression is called a determinant of the third order and denoted 
by the symbol 

I oi bi Cl 

(6') j 02 hz C2 . 

I 03 63 C3 

The nine numbers oi, . . . , C3 are called the elements of the determi- 
nant. In the symbol these elements lie in three (horizontal) rows, and 
also in three (vertical) columns i Thus 02, &2j C2 are the elements of the 
second row, while the three c’s are the elements of the third column. 

The equation (free of y and z), obtained above, may now be written 
as 


Ol 61 Ol 


ki 61 Ol 

02 62 02 

X = 

kz 62 02 

O3 63 C3 


kz 63 03 


since the right member was the sum of the products of the expressions 
(5) by ki, kz, kz, and hence may be derived from (6) by replacing the 
fl’s by the fc’s. Thus the theorem of § 80 holds here as regards the 
unknown x. We shall later prove, without the laborious computations 
just employed, that the theorem holds for all three unknowns. 

82. The Signs of the Terms of a Determinant of Order 3. In the 
six terms of our determinant (6), the letters o, b, c were always written 
in this sequence, while the subscripts are the six possible arrangements 
of the numbers 1, 2, 3. The first term aibzcz shall be called the diagonal 
term, since it is the product of the elements in the main diagonal running 
from the upper left-hand corner to the lower right-hand corner of the 
symbol (6') for the determinant. The subscripts in the term —016302 
are derived from those of the diagonal term by interchanging 2 and 3, 
and the minus sign is to be associated with the fact that an odd number 
(here one) of interchanges of subscripts were used. To obtain the arrange- 
ment 2, 3, 1 of the subscripts in the term -{-026301 from the natural order 
1, 2, 3 (in the diagonal term), we may first interchange 1 and 2, obtaining 
the arrangement 2, 1, 3, and then interchange 1 and 3; an even number 
(two) of interchanges of subscripts were used and the sign of the term 
is plus. 

While the arrangement 1, 3, 2 was obtained from 1, 2, 3 by one inter- 
change (2, 3), we may obtain it by applying in succession the three inter- 
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changes (1, 2) (1, 3), (1, 2), and m man> new waj<? To show that the 
number of interchanges which will produce the final arrangement J, 3, 2 
IS odd in every case, note tliat each of the three possible interchanges, 
VIZ , (1, 2), (1, 3), and (2, 3), changes the sign of the product 
(ari— *2){xi— n)(i2— Is), 

where the z's are arbitrary variables Thus a succession of k interchanges 
jields P or ~P according as A is even or odd Starting with the arrange- 
ment I, 2, 3 and applying A successive interchanges suppose that we 
obtain toe final arrangement 1, 3, 2 But if m P wc rcjilace the subscripts 
1, 2 3 by 1 3, 2, rc«pcctivclj, it, if we interchange 2 and 3, we obtain 
—P Hence A is odd Wc have therefore proved the following rule 
of signs 

Ailhoiii^h the QTranjjCTneTit r, s I of the twbscnpJs tn ony Ima ±0rh,c, of 
the (klermtnanl may be obtained from the arrangement 1 2, 3 by vanout 
suceeMiom of xnlerehangeo, the number of these interchanges ts either ahiays 
an eien nu>n6er and (hen the sign of the term ts plus or always an odd num- 
6cr and then the sign of the term ts minus 

EXERCISES 

Api ly the rule of eigne to all terms of 

1 Determinant (0) 2 Dcterramant o S— Otfci 

83 Humber of Interchanges always Even or always Odd We now 
extend the result m 5 82 to the case of » vanablesii, , r. The 
product of all of their differences *•— x/»<j) is 

P=(xi-i2)(iri-*3) (xi-x.) 

(*»-Xs) (xj-aO 


(x,_,-x,) 

Interchange any two subscripts t and j The factors which involve neither 
t nor j are uniltered The factor (xt— ij) involving both is changed in 
sign The remaining factors may be paired to form the products 

±{x,— i*)(3v— 1») {A = l ,n k?tt,k^j) 

Such a product i8 unaltered Hence P is ciianged in sign 

Suppose that an arrangement ii, i2, , i, can be obtained from 
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1, 2, . . . , 71 by using m successive interchanges and also by t successive 
interchanges. Make these interchanges on the subscripts in P; the 
resulting functions are equal to (-1)’"P and (-1)‘P, respectively. But 
the resulting functions are identical since either can be obtained at one 
step from P by replacing the subscript 1 by i\, 2 by 72, . . ■ ,n by i„. Hence 

(_l)mp^(-l)'P, 

SO that m and i are both even or both odd. 

Thus if the same arrangement is derived from 1, 2, . . . , nby m successive 
interchanges as by t successive interchanges, then m and t are both even or 
both odd. 

84. Definition of a Determinant of Order n. We define a determinant 
of order 4 to be 

fli bi Cl di 

as 03 C3 03 (24) 

04 bi a di 

where g, r, s, i is any one of the 24 arrangements of 1, 2, 3, 4, and the 
sign of the corresponding term is + or — according as an even or odd 
number of interchanges are needed to derive this arrangement q, r, s, t 
from 1, 2, 3, 4. Although different numbers of interchanges will produce 
the same arrangement q, r, s, t from 1, 2, 3, 4, these numbers are all even 
or all odd, as just proved, so that the sign is fully determined. 

We have seen that the analogous definitions of determinants of orders 
2 and 3 lead to our earlier expressions (2) and (6). 

We will have no difficulty in extending the definition to a determinant 
of general order n as soon as we decide upon a proper notation for the 
elements. The subscripts 1, 2, . . . , n maj^ be used as before to specify 
the lows. But the alphabet does not contain n letters with which to 
specify the columns. The use of c', e", . . . , e'”) for this purpose would 
conflict with the notation for derivatives and besides be very awkward 
when exponents are used. It is customary in mathematical journals 
and scientific books (a custom not always followed in introductory text 
books, to the distinct disadvantage of the reader) to denote the n letters 
used to distinguish the n columns by ei, 62, . . . , e„ (or some other letter 
with the same subscripts) and to prefix (but see § 85) such a subscript by 
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the new subscnpt indicating the tow 
IS therefore 

eu eja 

(8) 

<« 

By definition this shall mean ibeetim of the n(n—l) 2 1 terms 
(9) (-l)V ie«,a 

in which t] 13 I* 18 an armogement of 1 2 n derived from 
12 n by t interchanges Any term (9) of the determinant (8) is 
apart from sign the product of n factors one and only one from each col 
umn and one and only one from each low 

For example if wc take n=4 and write O; bj Cf d/forc/i ej2 Cfl tf* 
the symbol (8) becomes (7) and the general term (9) becomes the general 
term(— l)*a, bt, e^, d «4 of the second member of (7) 


The symbol for the determinant 

:i 


£ZE&CISES 

1 Find the bx tenne involruc si in the detemunut (7) 

2 What are the a gu o( ai6t«fd « Ott^idKiUiadeunniiiaDteforderCTef 

3 Show that the arrangement 4 13 2 may be obtained from 1 2 3 4 by use of 
the two tueceea re interchanges (t 4) (1 2) and also by use of the four auceesa ve 
uiUrehaogea (1 4) (t 3) (t 2) (2 3) 

4 Wr te out the aix Unnaof (3) for nw3 rearrange the factors of each term so that 
the new first subacr pts shall be in the order 12 3 and verify that the resulting eis 
terms are those of the (Icteraunaot D m 1 85 for m— 3 


86 Interchange of Rows and Columns Any dtlermxnarU ta not 
altered in ttifue i/ in Ua aymbol ue replace the tlemenU of the firat aeeorui 
nth rows by the elemenia tohteh formerly appeared in the aame order 
in the first second nth errfamns or brtefiy xf toe inlerchan^ the cor 
responding rows and eolumne For example 


I o b 

I c i 


We are to prove that the determinant D given by (8) is equal to 


ClI «i 
^ ei3 eja 

en- 


^1 

C.2 
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If we give to D' a more familiar aspect by writing eit=^au for each element 
80 that, as in (8), the row subscript precedes instead of follows the column 
subscript, the definition of the determinant in terms of the o’s gives D' 
in terms of the e’s as the sum of all expressions 


( 1 ) 

in which fci, • • • , is an arrangement of 1, 2, . . . , n, derived from 
the latter sequence by i interchanges. 

As for the terms of D, without altering (9), we may rearrange its factors 
BO that the first subscripts shall appear in the order 1, 2, . . . , n, and 
obtain 

. . . e„i^. 


This can be done by performing in reverse order the i successive inter ■ 
changes of the letters e corresponding to the i successive interchanges 
which were used to derive the arrangement h, 12 , . . . ,i„ of the first 
subscripts from the arrangement 1, 2, . . . , n. Thus the new second 
subscripts fci, . . , , fc„ are derived from the old second subscripts 1, . . . , 
n by i interchanges. The resulting signed product is therefore a term 
of Z)'. Hence Z)=D'. 


86. Interchange of Two Columns. A determinant is merely changed 
in sign by the interchange of any two of its columns. For example, 


Z)= 


a b 
c d 


-ad— be, 



=bc—ad= —D. 


Let A be the determinant derived from (8) by the interchange of the 
rth and sth columns. The terms of A are therefore obtained from the 
terms (9) of D by interchanging r and s in the series of second subscripts. 
Interchange the rth and sth letters e to restore the second subscripts 
to their natural order. Since the first subscripts have undergone an 
interchange, the negative of any term of A is a term of D, and A = — D. 

87. Interchange of Two Rows. A determinant D is merely changed 
in sign by the interchange of any two rows. ^ 

Let A be the determinant obtained from D by interchanging the rth 
and sth rows. By interchanging the rows and columns in D and in A, 
we get two determinants D' and A', either of which may be derived from 
the other by the interchange of the rth and sth col umn s. Hence, bv 
§§85,86, 


A=A'=-Z)'=-D. 
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88. Two Rows Of Two Columns Alike A delermnanl la zero 1/ any 
(u-o 0/ xU roaa or any two of t£j columns or« alike 

For, by the interchange of the two like rows or two like columns, the 
determinant is c%ndently unaltered, and yet must change m sign by §J 86, 
87 Hence Z) = 0 


1 Prove that the equation ol the straight hue deUmimed hy the tiro distinct 
pointa (zi j/i) and (zi, Vi) is 

* 9 1 

*1 1 -0 
i« »« 1 

2 Show that 


«l l>v Cl 

0| &i <t 

Si 61 <1 


<t> o h> 
Ol O h 
0| c> 


Oi 0) at 

to t> S 

t, e, e, 


By use of the Factor Theorea (t 14) and the diagonal tens, prove that 

S I 1 I I 1 

0 6 e |-(6-«)(e>ii)(«-t) 

I 0* e‘ 


- li (ti-z/) 


This IS known as the determinant of Vandermonde who discussed it id 1770 The 
symbol on the right means the prodnet of oil factors of the type indicated 
6 Prove that a skew symmetrie detennioant of odd order is zero 

0 a 6 c d 

1 0 o h 1 -Q 0 e / p 

-a 0 c -0, -5 -« 0 A ; =0 

-h -e 0 1 -t - A 0 fc 

— d — g —j —k 0 
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89. Minors. The determinant of order n —1 obtained by erasing 
(or covering up) the row and column crossing at a given element of a 
determinant of order n is called the minor of that element. 

For example, in the determinant (6') of order 3, the minors of bi, bz, bj are respect- 
ively 


02 

C2 

ai 

Cl 


Cl 



Bz = 


B,= 


Oi 

C3 

aj 

C3 

az 

C2 


Again, (6') is the minor of di in the determinant of order 4 given by (7). 

90. Expansion According to the Elements of a Row or Column". In 

0,1 bi Cl 

(6') D= 02 62 C2 , 

03 63 C3 

denote the minor of any element by the corresponding capital letter, 
so that bi has the minor Bi, 63 has the minor B3, etc., as in § 89. We 
shall prove that 

D= oiAi— 6iBi+ciCi, Z)= oiAi— 02A2+03A3, 

D= — 02^2+6252 ~C2C2, D= — biB\-\-b2Bz — bzBz, 

D— asAz—bzBz+czCz, D= ciCi-czCzA-czCz. 

The three relations at the left (or right) are expressed in words by saying 
that a determinant D of the third order may be expanded according to the 
elements of the first, second or third row {or column). To obtain the expan- 
sion, we multiply each element of the row (or column) by the minor of 
the element, prefix the proper sign to the product, and add the signed 
products. The signs are alternately + and — , as in the diagram 

+ _ + 

- + - 
+ - + 

For example, by ex-pansion according to the second column, 

14 5 

2 3 

2 0 3 =-4 =-4X9= -36. 

3 9 

3 0 9 
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Similirly the v&Iue of the detenniRant (7) of order 4 may be foimd by expansion 
according to the elemenU of the fourth cottimn 



Ol Cl 


Ql bs Cl 


Oi bi Cl 


Oi Cl 

d, 

at C| 

+<«. 

Cl (>1 Cl 

-<(> 

th bi Cf 

+ii. 

0| b| C| 


0. 64 e, 


04 C« 


04 bi e, 


0 | Cl 


We shall now prove that any detenmnanl D oj order n may he expanded 
according to the elements of any rote or any column 

Let Efi denote the ininor of e^ in D, given by (8), so that Eu is 
obtained by erasing the ith row and jth column of D 
(0 We first prove that 

(10) D^ciiFii—Cji^M+CiiEji— 

so that D may be expanded according to the elements of its first column 
By (9) the terms of D having the factor cn are of the form 

where 1, tj, , >• is an arrangement of 1, 2, , n, obtained from the 

latter by t interchanges, so that tt , u » an arrangement of 2, , 

n, derived from the btter by t interchanges After removing from each 
term the common factor <it and adding the quotients, we obtain a sum 
which, by definition, is the value of the determinant 5 m of order n-*l 
Hence the terms of D having the factor cu may all be combined into 
eu 5 m which is the first part of (10) 

We next prove that the terms of D having the factor eu may be com- 
bined into — e2i52i, which is the second part of (10) For, if A be the 
determinant obtained from D by interchanging its first and second rows, 
the result just pnned shows (hat the terms of A having the (actor esi 
may be combined into the product of cji by the nunor 
sjz Sis eu 
SS3 eas 

of sji in A Now this minor is identical with the minor Eu of cji m D 
But A = —D (5 87) Hence the terms of D having the factor e 2 i may be 
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coinbined into — C 2 i-E 2 i. Similairly, the terms of D having the factor esi 
may be combined into e3iJ5?3i, etc., as in (10). 

(it) We next prove that D may be expanded according to the elements 
of its fcth column (k>l): 

(11) 2)= S (-ly-^Vfi- 

Consider the determinant fi derived from D by moving the kth. column 
over the earlier columns until it becomes the new first column. Since 
this may be done by k— 1 interchanges of adjacent columns, 5 = (—!)*“ ‘D. 
The minors of the elements en, . . . , in the first column of 5 are evidently 
the minors Elt, • • • > Ent of Cit, . . . , Cnt in D. Hence, by (10), 

S=eitEit—e2tE2i-\-. . . . +(— l)"“*enti?nt= S (—ly'^^ejtEjt. 

Thusi)=(— 1)*“^5 has the desired value (11). 

(tit) Finally, D may be expanded according to the elements of its 
kth. row; 

D=t (-l)^+‘e«Et,. 


In fact, by Case (it), the latter is the expansion of the equal determinant 
D' in § 85 according to the elements of its fcth column. 


91. Removal of Factors. A common factor of all of the elements of the 
same row or same column of a determinant may he divided out of the elements 
and placed as a factor before the new determinant. 

In other words, if all of the elements of a row or colunm are divided 
by n, the value of the determinant is divided by n. For example. 


1 JMli 715 i 


Ol 61 


Ol nlii Cl 


Ol 61 Cl 

1 02 hz 

=n 

02 bz 

} 

02 7162 C2 

03 nbz cz 

=n 

02 bz C2 

03 63 Cz 


Proof is made by expanding the determinants according to the elements 
of the row or column in question and noting that the minors are the same 
for the two determinants. Thus the second equation is equivalent to 

- ( 7 i 5 i)Bi + (nb2)B2 - (nhz)B3 = n( -hiBi +52B2 - hzBz), 
where B, denotes the minor of 6| in the final determinant. 
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1 3<i 3& 3e 

5a S6 $<: 

d « / 


Expand by the ehortest method and evaluate 


3 


5 


2 7 3 
5 9 8 
0 3 0 
A 6 c d 
a» b> «• «<» 
a> b> c* d' 


6 8 0 
3 9 4 


-A4ftl{o— 5)(a— d)(5-e)(5-d)(e— d) 


a* 4* <!* d* 


92 . Sum of Oeterminaats. A<ieterminanlhaim^ai+qt,et+q 7 , ..ai 
the elemenle of a cotxrnR e^ual to the turn of the determnarU having ai, 
02, <M tA« eUmerUe of the eoneepondtng column and the determinant 
having qi, ?2. oa the elemenit of that column, uhile the elements of the 
remaining columns of each del«rmino»i< are the tame as in the given determi- 
nant 

For example, 


Ot + ?l 

61 

Cl 

Ot hi Cl j 


91 bi Cl 

02+92 

bj 

€3 " 

02 bs €3 ' 

+ 

92 62 Cj 

03+93 

bs 

C3 

03 63 C3 ; 


93 ^3 C3 


To prove the theorem tte have only to expand the three determinants 
according to the elements of the column in question (the first column m 
the example) and note that the minora are the same for all three determi- 
nants Hence oi-hQt is multiplied by the same minor that ot and gi 
are multiplied by separately, and similarly for 02-1-92 etc 

The similar theorem concerning the splitting of the elements of anj 
row into two parts is proved by expanding the three determinants accord- 
ing to the elements of the row m question For example, 

I a+r f>+» I _ I a b j , [ r 9 [ 
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93 . Addition of Columns or Rows. A determinant is not changed 
in value if we add to the elements of any column the products of the correspond- 
ing elements of another cohwin by the same arbitrary number. 

Let ai, 02, . . . be the elements to which we add the products of the 
elements bi, 62, . . . by n. We apply § 92 with qi = nbi, q2=nb2, . . . . 
Thus the modified determinant is equal to the sum of the initial determi- 
nant and a determinant having bi, 62, . . . in one column and nbi, nb2, 
. . . in another column. But (§ 91 ) the latter determinant is equal to 
the product of n by a determinant with two columns alike and hence 
is zero (§88). For example, 


ai-\-nbi bi ci 


fli bi Cl 


bi bi Cl 

a2~hnb2 62 C2 

= 

02 b2 C2 

-hn 

62 C2 

aa-l-nba 63 C3 


03 63 C3 


bs bs C3 


and the last determinant is zero. 

Similarly, a determinant is not changed in value if we add to the elements 
of any row the products of the corresponding elements of another row by the 
same arbitrary number. 


For example, 

a+nc b+nd 
c d 

Example. Evaluate the first determinant below. 


o b 
c d 


-fn 


c d 
c d 


a b 
c d 


1 -2 1 
1 2 3 

6 4 3 


1 0 1 
18 3 
6 10 3 


0 0 1 
-2 8 3 

3 10 3 


-2 8 
3 10 


= -44. 


■Solution. First we add to the elements of the second column the products of the 
elements of the last column by 2. In the resulting second determinant, we add to the 
elements of the first column the products of the elements of the third column by — 1. 
Finally, we expand the resulting third determinant according to the elements of its 
first tow. 


EXERCISES 


b +0 

c +0 

a +b 


a 

b 

c 

61+ Cl 

Cl+Ol 

ai+bi 

=2 

Ol 

h 

Cl 

ba+C 2 


Oj+hj 


flj 

h 

Ct 


1 Prove that 
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Bj reducing to % determinant of order 3 etc prove that 


e» 41 
3 -2 
1 -1 


-(a-6)(a-e)(<i-d)(6-c)(>-d)(e-d) 


--42 


12 3 4 

1 3 6 10 


- 1 


I 10 20 I 

94 Sjstem of n Linear £qiuttiofis 10 ntInlaowDS with In 

an*i+aiiXj+ 

( 12 ) 

+0.1*2+ +<W.= t» 

let D denote the determinant of the coefficients of the n unknowns 


Then 


Dti~\ 


011*1 012 


0.1*1 0,1 


Z)-| 


Oil Ol2 

0.1 0.2 


Oi, 0|i*i+0|2*2+ 

0,. O.l*l+Oid*2+ 


+ 0J|**. OlJ 
+0-7. Oo 


Of, 

Ow. 


where the second determinant was derived from the first by adding to 
the elements of the first column the products of the corresponding elements 
of the second column by n etc and finally the products of the elements 
of the last column by *. The elements of the new first column are equal 
to ki , k. by (12) In this mannert vo find that 


(13) DZl-Ai DX2=K2 . DXn’=Kn 

m which Kt IS derived from D by substituting ki fc. for the elements 
Oic > 0.1 of the itli column of D whence 


kl 012 Qu 

Ki = 

k. 0.2 Oyi, 




On 


0,1 


Ol. 


o.. 


1 h 
1 K 
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If Dt^O, the unique values of xi, x„ determined by division 

from (13) actually satisfy equations (12). For instance, the first equation 
is satisfied since 

ki an 012 .. . Oin 
ki 011 012 . . . Ojn 

klD—ailKl — O12X2 — • • • 0 ,\n^n~ k2 O21 O22 • . . 02 n 


1 ®nl ^n2 • • • ^nn 

as shown by expansion according to the elements of the first row; and 
the determinant is zero, having two rows alike. 

Theorem. If D denotes the determinant of the coefficients of the n 
unknowns in a system of n linear equations, the "product of D by any one 
of the unknowns is equal to the determinant obtained from D by substituting 
the known terms in place of the coefficients of that unknown. If D^Q, we 
obtain the unique values of the unknowns by division by D. 

We have therefore given a complete proof of the results stated and 
illustrated in § 80, § 81. Another proof is suggested in Ex. 7 below. 
The theorem was discovered by induction in 1750 by G. Cramer. 



EXERCISES 

Solve by determinants the following systems of equations (reducing each deter- 
minant to one having zero as the value of every element but one in a row or column, 
as in the example in § 93). 

1. i-f y+ z=ll, 2. x+ y+ z=0, 

2x—Gy— z=0, a:-f2y-}-3z= — 1, 

3a:-t-4!/-f-2z=0. x-l-3j/-|-6z=0. 

3. x—2y+ z = 12, 4. 3x—2y=7, 

i-f-2j/-l-3z=48, 3y—2z=6, 

6x-}-4i/-t-3z=84. 3z— 2x=— 1. 

5. x-h y+ z+ w= 1, 6. 2x— y-fSz— 2u)=4, 

x+2y+ 3z-f 4u) = ll, x+7y+ z— to=2, 

x-hSy-l- 6z-l-10u)=26, 3x-l-5y— 52-f3ui=0, 

®+4y-fl0z-l-20u>=47. 4x— 3y-}-2z— w=5. 

7. Prove the first relation (13) by multiplying the members of the first equation 
(^2) hy All, those of the second equation by —Av, . . . , those of the nth equation by 
(“1)" A„i, and adding, where Ay denotes the minor of ay in D. Hint: The resulting 
co^cient of xj is the expansion, according to the elements of its first column, of a deter- 
niinant derived from D by replacing ou by au, - . . . a„i by o„ 2 - 
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96 Rank of a Determinant If we erase from a determinant D of 
order n all but r rows and all but r columns we obtain a determinant 
of order r called an r roiLtd mtnor of D In particular any element is 
regarded as a one rowed minor and D itself is regarded as an n rowed 
minor 

If a determinant D of order n is not zero it is said to be of rank n 
If for 0<r<n gome r rowed minor of D is not zero while every (r+1) 
rerwod romor is zero D is said to be of rant r It is said to be of rank 
zero if every clement is zero 

For example a detennmant D of order 3 is of Task 3 if D^O of rank 2 if f>9>0 
but some tno-roweit nmor is not tero of rank 1 if every two rowed minor is tero 
but some element IS not zero Again every three-rowed minor of 

abed 
e f t h 
abed 
«/ a h 

IS (fro « nee two pain of its rows ere alike Hence it is of rank 2 if some two rowed 
minor u not zero But it u of rank t if o b < <f are not all tero and are proportional 
toe / s k euxce all two-rowed einon are ttiea tero 

96 System «f n Linear Equations la n Unknowns with We 

shall now discuss the equations (12) for the troublesome case (previously 
Ignored) in uhich the determinant D of the coefficients of the unknowns 
IS zero In vien of (13) the given equations are evidently inconsistent 
if an} one of the determinants Ki K„ is not zero But if D and 

these A s are all zero our former results (13) give us no information 
concerning the unknowns x, and we resort to the following 

Theorem Let the deteminanl D of the eoefiaents of the unknoume 
in equations (12) be of rank r r<n // fAe delerminants A obtained from 
the (r-+-l) rotcfd minora of D by replacing the elementt of any column by 
the coTTisponding known term* are not all zero the equations are mean 
sisfenf But i/ these determinants A are oil zero the t ejuofHms invohnnp 
the elements of a non-^amshing r rowed minor of D determine uniquely r 
of the unlnoitns as linear functions of the remaining n— r unknowns uhich 
are independent variables and the expressions for these r unknowns satisfy 
also tht remaining n—r equations 
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Ck)nsider for example the three equations (4) in the unknowns a:, y, z. Five cases 
arise: 

(a) D of rank 3, i.e., D 

03) D of rank 2 [i.e., D=0, but some two-rowed minor t^O), and 



ki 

hi 

Cl 


ai 

ki 

Cl 


ai 

bi 

k\ 


kt 

h 

Ct 

, K2- 

02 

k2 

Cz 

, Ki = 

02 

62 

h 


kz 

b, 

Cs 


Oj 

h 

Cl 


03 

bi 

ki 


not all zero. 

(7) D of rank 2 and Ki, Jfj, Ki all zero. 

(6) D of rank 1 (i.e., every two-rowed minor=0, but some elemcntj^O), and 


Oi h ] 


bt 

ki 


Ci h 

aj kj 


bj 

kj 

t 

C] kj 


(r, j chosen from 1, 2, 3) 


not all zero; there are nine such determinants K. 

(e) D of rank 1, and all nine of the two-rowed determinants K zero. 

In case (a) the equations have a single set of solutions (§ 94). In cases (p) and 
(J) there is no set of solutions. For (ff) the proof follows from (13). In case (7) one 
of the equations is a linear combination of the other two; for example, if aibi—OibiF^O, 
the first two equations determine x and y as linear functions of 2 (as sho^vn by trans- 
posing the terms in z and solving the resulting equations for x and y), and the resulting 
values of x and y satisfy the third equation identically as to z. Finally, in case (e), 
two of the equations are obtained by multiplying the remaining one by constants. 

The reader acquainted with the elements of solid analytic geometry will see that 
the planes represented by the three equations have the following relations: 

(а) The three planes intersect in a single point. 

(0) Two of the planes intersect in a line parallel to the third plane. 

(7) The three planes intersect in a common line. 

(б) The three planes are parallel and not all coincident. 

(e) The three planes coincide. 

The remarks preceding our theorem furnish an illustration (the case 
1) of the following 

Lemma 1. If every (r-l-l)-rowed minor M formed from certain r-f-l 
rows of D is zero, the corresponding r-M equations (12) are inconsistent 
provided there is a non-vanishing determinant K formed from any M 
by replacing the elements of any column by the corresponding known 
terms 

For concreteness , 1 let the rows in question be the first r-fl and let 

> All other cases may be reduced to this one by rearranging the n equations and 
relabelling the unknowns (replacing xj by the new xi, for example). 
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K- 


Oil 

a,+ti 


• • • •h*it 


ki 


kf-n 


7^0 


Let di, . . . , dr+t be the minors of kt, ... fcr+i m K Multiply the 
first r+1 equations (12) by di, — d*, (— l)'dr+n respectively, and 

add The nght member of the resulting equation is the expansion of 
±K, The coefficient of x, is the expansion of 

I On . . <ii, Oit 
i • 

1 Of+lt • • 0 ,*|, Or«.l» 


and IS lero, being an M if «>r, and having two columns identical if s£t 
Hence 0 = ±K Thus if the equations are inconsistent. 


Lcuua 2 If all of the determinants il and K in Lemma 1 are zero, 
but an r-rowed minor of an M is not icro, one of the corresponding r+1 
equations is a linear combination of the remaining r equations 

As before let the r+I rows m question be the first r+I Let the 
Qon'VonishiDg r>roned minor be 

I Oil • • Oi, I 

• • • Uo. 

0,1 o„ 1 

Let the functions obtained by transposmg the terms kt in (12) be 
i-.so„*i4-aoij+ . 

By the multiplication made m the proof of Lemma 1, 

diU-d2l^+ +(-l)'d,*,£„+,=T/C=0. 

Hence L,^i is a Lnear combination of Li, , L, 

The first part of the theorem is true by Lemma 1 The second part 
13 readily proved by means of Lemma 2 Let (14) be the non-vanishmg 
r-rowed minor of D For s>r, the slh equation is a linear combination 
of the first r equations, and hence is satisfied by any set of solutions of 
the latter In the latter transpose the terms involving x,+i, . , j. 
Since the determinant of the coefficients of xi, , z, is not zero, § 94 
shows that zi, . , x, are uniquely determined linear functions of z,+i, 

. . , z, (which enter from the new nght members) 
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EXERCISES 

Apply the theorem to the following four systems of equations and check the con- 
dusions: 

1. 2x+ i/+ 33 = 1, 2. 21+ y+32! = l, 

4x+27/- z=-3, 4e+22/- z=3, 

^ 2x+ y— 4z=— 4. 2x+ 3 /— 4z=4. 

3. X— Sy+ 42 = 1, 4. X— 3i/+ 42=1, 

4x-12y+162=3, 4x-12i/+162=4, 

3x- 9y+122=3. 3x- 9y+122=3, 

6 Discuss the system 

ax+ J/+ z=a—Z, 
x+ay+ 2 = -2, 

X+ 1/+02=-2, 

when (r) 0 = 1 ; (n) a=-2; (in) o?^l,-2, obtaining the simplest forms of the 
unknowns. 

6. Discuss the system 

y+ z=l, 
ax+ by+ cz=k, 
a^x+5h/+d2=fc', 

when (i) a, b, c are distinct; (tt) a = b?^c] (in) a=b=c. 

97. Homogeneous Linear Equations. When the known terms fci, . . . , 

in (12) are all zero, the equations are called homogeneous. The determi- 
nants K are now all zero, so that the n homogeneous equations are never 
inconsistent. This is also evident from the fact that they have the set 
of solutions a:i = 0, . . . , 2:„=0. By (13), there is no further set of solu- 
tions if If D=Q, there are further sets of solutions. This is 

shown by the theorem of § 96 which now takes the following simpler form. 

If the determinant D of the coefficients of n linear homogeneous equations 
in n unknowns is of rank r,r<n, the r equations involving the elements of a 
non-vanishing r-rowed minor of D determine uniquely r of the unknowns as 
linear functions of the remaining n—r unknowns, which are independent vari- 
ables, and the expressions for these r unknowns satisfy also the remaining 
n—r equations. 

The particular case mentioned is the much used theorem: • 

A necessary and sufficient condition that n linear homogeneous equations 
in n unknowns shall have a set of solutions, other than the trivial one in which 
each unknown is zero, is that the determinant of the coefficients be zero. 
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EXERCISES 


Discuss the (ollowine systems of equstx>M 

1 *+ y+3s-0 2 2i- y+ 42-0 3 x- 3y+ 42-0, 

*+2y+22“0 *+ 3y— 22—0 4r— 12y+16*— 0, 

i+5y- 2-0 *-llf+I42-0 32- 9y+122-0 


4 62+4!/+32— 84a— 0, 
z+2y+32-4aa-0 
z-2y-f- 2 - 12 a -0 
4j+4y— 2 — 24a-0 


6 9x+ 3y- 42+ fiv-O 
32 + Sy— 2 + 2a-0 
72 +lly- 92+12a-0 
32+ 4y-ll2+I3a-C 


98 System of m Line&r Equations in n Unknowns The case m<n 
may be treated by means of the lemmas m §06 If m>n, we select 
any n of the equations and apply to them the theorems of j§ 94, 96 If 
they are found to be inconsistent the entire system is evidently meonsist* 
ent But if the n equations are consistent, and if r is the rank of the 
dG*'’i'minant of their coefficients wcobtunrof the unknowns expressed 
as linear functions of the remaining n— r unknowns Substituting these 
values of these r unknowns m the remaining equations, we obtain a 
system of m-n linear equations m n—r unknowns Treating this sys* 
tern in the same manner wc ultimately either find that the proposed 
m equations are consistent and obtain the general set of solutions, 
or find that they are inconsistent To decide in advance whether the 
former or latter of these cases will arise, we have only to find the maxi- 
mum order r of a non vanishing r-rowed determinant formed from the 
coefficients of the unknowns, taken m the regular order m which they 
occur in the equations and ascertain whether or not the corresponding 
(r+l)-rowed determinants h, formed asm § 96 are all zero 

The last result may be expressed simply by employing the termmology 
of matrices The system of coefficients of the unknowns m any set of 
linear equations 

aiixi+ +a„ir,=ki, 

(15) 

awiXj+ +a^Xm=km, 

arranged as they occur in the cqu'itions is called the matrix of the coeffi- 
cient?, and IS denoleil by 



§98] 


TO EQUATIONS IN n UNKNOWNS; MATRIX 


121 


By annexing the column composed of the known terms we obtain 
the so-called augmented matrix 

On ni2 . • • Oin fci 


®ml ®m2 • • • ®mn 

The definitions of an r-rowed minor (determinant) of a matrix and of 
the rank of a matrix are entirely analogous to the definitions in § 95. 

In view of Lemma 1 in § 96, our equations (15) are inconsistent if 
B is of rank r-l-l and A is of ranker. By Lemma 2, if A and B are both 
of rank r, all of our equations are linear combinations of r of them. Noting 
also that the rank r of A cannot exceed the rank of B, since every minor 
of A is a minor of B, and hence a non-vanishing r-rowed minor of A is a 
minor of B, so that the rank of B is not less than r, we have the following 

Theorem. A system of m linear equations in n unknowns is consistent 
if and only if the rank of the matrix of the coefficients of the unknowns is 
equal to the rank of the augmented matrix. If the rank of both matrices is r, 
certain r of the equations determine uniquely r of the unknowns as linear 
functions of the remaining n—r unknowns, which are independent vari- 
ables, and the expressions for these r unknowns satisfy also the remaining 
m—r equations. 

When m=7i-f 1, B has an m-rowed minor called the determinant of 
the square matrix B. If this determinant is not zero, B is of rank m. 
Since A has no m-rowed minor, its rank is less than m. Hence we obtain 
the 

Corollary. Any system of w-j-1 linear equations in n unknowns is 
inconsistent if the determinant of the augmented matrix is not zero. 

EXERCISES 

Discuss the following systems of equations; 

1. 2i+ y+32 = l, 2. 2i- j/-f3z=2, 3. 4x- t/+ z=5, 4. ix-I,y=2, 

4x+2!/- z=-3, r+7i/-l- z = l, 2x-Zxj+bz = l, 2x+Zy = \2, 

2i+ j/— 4z=— 4, 3i-t-5!/— 5z=a, x+ y—2z=2, lOx— 7i/ = 16. 

10i+5j/-6z=-10. 4 i-3j/-}-2z=1. 5z - z=2. 

5. Prove the Corollary by multiplying the known terms by Xn+i=l and applying 
§ 97 with n replaced by n-f-l. 

6. Prove that if the matrix of the coefficients of any system of linear homogeneous 
equations in n unknowns is of rank r. the values of certain n—r of the unknowns may br 
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assi^ed at pleasure and the others will then be uniquely determined and satisfy all 
of the equations 


99 Complementary Minors. H he determinant 


(16) 


01 hi Cl di 

02 hi a di 

03 ha C2 (fa 

04 h« d (fl 


IS said to ha\e the fuo-rotred eomptementory ntnors 

Jir'-|"*l, 

I da ha I I dt di I 

since either is obtained by erasing fitim D all the rows and columns ha% mg 
an element which occurs m the other 

In g:eneral, if wo erase from a determinant Z> of order n all but r rows 
and all but r columns, we obtain a determinant M of order r called an 
r*rowed minor of D But if we had erased from D the r row s and r columns 
previously kept, we would ha\e obtained an (n-r) rowed minor of B 
called the minor tcmpUmentcry to H In particular, any element » 
itgarded as a onc-rowed minor and » complemcntaTy to its minor (of 
order n—l) 

100 Laplace’s Development by Colomas Ant/ detemitionl D ts 
equal to Ike sum of all the stgntd products ±i!M', uhere M t< on r-roved 
minor haiing tU elements tn the first r columns of D, and M' w the minor 
eomplemenlary to Jlf, while the sign is 4- or — oceordinp as an nen or odd 
number of interchanges of rows of D vnU bring M into the postlton occupied 
by the minor Mi whose elements be in the first r rows and first r columns 
ofD 

For r»l, this development becomes tbe kDows expansion of D according to the 
tlerncnU of the first coluom (|90), beTeSfi**<u 
If r ”2 and D is the determinant (16), 

o. I ^ I I * I _ I "' *■ I I ^ * I +1 I I ^ * I 

I a, hi I I d, { I o, 6, { I Ct di I | oi t>< | j c« cf, I 

j Oj hj I I (i d, j I Oj 6| I I «i 4 I I o. ii I I Cl di I 

1 o, b, I 1 n d, 1 I <i« b. I id «f, 1 1 o, 6. I 1 ct A 1 
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The first product in the development is Miilf/; the second product is —MM' (in the 
notations of § 99), and the sign is minus since the interchange of the second and third 
rows of D brings this M into the position of Mi. The sign of the third product in 
the development is plus since two interchanges of rows of D bring the first factor 
into the position of Mi, 

If D is the determinant (8), then 



eii . . 

. ei. 


®r+lr+l • 

• • ®r+ln 

Mi = 

e,i . , 

. CjT 

, My= 

r+1 • • 



Any term of the product MiMi is of the type 
(17) (— l)*eill e{j2 . . . + l ■ • • \n) 

where ii, , ir is an arrangement of 1, . . . , r derived from 1, . . . , r 
by i interchanges, while ir+i, . . . , in is an arrangement of r+l, . . . , n 
derived by j interchanges. Hence ii, . . . , in is an arrangement of 
1, . . . , n derived by i+j interchanges, so that the product (17) is a term 
of D with the proper sign. 

It now follows from § 87 that any term of any of the products dcMM' 
mentioned in the theorem is a term of D. Clearly we do not obtain twice 
in this manner the same term of D. 

Conversely, any term t of D occurs in one of the products zkMM'. 
Indeed, t contains as factors r elements from the first r columns of D, 
no two being in the same row, and the product of these is, except per- 
haps as to sign, a term of some minor M. Thus f is a term of MM' or 
of —MM'. In view of the earlier discussion, the sign of t is that of the 
corresponding term in zhMM', where the latter sign is given by the 
theorem. 

101. Laplace’s Development by Rows. There is a Laplace develop- 
ment of D in which the r-rowed minors M have their elements in the first 
r rows of D, instead of in the first r columns as in § 100. To prove this, 
we have only to apply § 100 to the equal determinant obtained by inter ■ 
changing the rows and colunms of D. 

There are more general (but less used) Laplace developments in which 
the r-rowed minors M have their elements in any chosen r columns (or 
rows) of D. It is simpler to apply the earlier developments to the determi- 
nant zfcD having the elements of the chosen r colmnns (or rows) in the 
new first r columns (or rows). 
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1 Prove that 

a h c d 
€ f 9 h 

0 0 ] k 
0 0 I m 

2 By employing 2 roived mioon from the first two rows, show that 

abed 

1 e / g k I a b 

2 a b c d "(e/ 

t / g h 

3 By «rapUiy»8 2*row«l mition from tlte fint two eolumna of the 4.towed detet- 
jainant lo Lx 2 show that the pro<Iucts id Laplace s development cancel 

102 Product o( Detcnouuats Tht product of fuio itUvmnxnit of 
ihe rant'' order is ojuol to a delermtnani of like order tn trAicA the element 
of the r ih row and c th column is Ike sunt of Ike products of the elmenti of 
ike r th row of the first deteminant by the eorrespondtng elemerUs of the eth 
column of the second determinant 




|6c 

1 / S 



Tot exAmple 
(18) 


I a b I I e / I I <ie+^ af+bh j 

] e d 1 I f ft 1 I <«+<^ ej+dh ) 


^Vl»\c for brevity we shall Rivc the proof for dctermiTiants of order 3, 
the method is seen to Apply to determinants of any order By Laplace’s 
development with r=3 (| 101), wc have 


Oi 6i Cl 0 0 0 

fl2 62 cj 0 0 0 

03 63 C3 0 0 0 

• 1 0 0 ei fi gi 

0—1 0 ej ft Oj 

0 0-1 ezfaga 


01 hi Cl et fi pi 

02 ba C2 62 fa ga 

Q.% b% C 3 es /$ P3 


( 19 ) 
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In the determinant of order 6, add to the elements of the fourth, fifth, 
and sixth columns the products of the elements of the first column by 
ei, f\, gi, respectively (and hence introduce zeros in place of the former 
elements ei, /i, gi). Next, add to the elements of- the fourth, fifth, and 
sixth columns the products of the elements of the second column by 

62, fo, gz, respectively. Finally, add to the elements of the fourth, fifth, 
and sixth columns the products of the elements of the third column by 

63, fs, gz, respectively. The new determinant is 


01 

hi 

Cl 

aiei4-hie2+ciC3 

oi/i+hi/z+ci/s 

oig'i+6i5r2+ci5f3 

02 

bz 

C2 

0261 ■I"h2e2 ■l“C2e3 

02/1+62/2+02/3 

02^1 +62^2+02513 

03 

bs 

C3 

0361+6362+0363 

03/1+63/2+C3/3 

03^1 +63512 +03^3 

-1 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 


By Laplace’s development (or by expansion according to the elements of 
the last row, etc.), this is equal to the 3-rowed minor whose elements 
are the long sums. Hence this minor is equal to the product in the right 
member of (19). 


EXERCISES 

1. Prove (18) by means of § 92. 

2. Prove that, if Sf=a*+P*-\-y*, 


1 

1 

1 


1 

a 

a* 


3 

Si 

Sj 

a 

P 

7 

• 

1 


/3* 

= 

Si 

5j 

Sj 

a} 


7 ’ 


1 

y 

7* 


Sj 

Sj 

Si 


3. If Ai, B,, C{ are the minors of at, ht, C| in the determinant D defined by the second 
factor below, prove that 


Ai — Az 


oi 5i Cl 


0 

0 

— Bi Bi — Bz 


Cj 62 Cj 

= 

ODD 

Cl -C2 Cz 


Qj 61 Cj 


0 0 D 


Hence the first factor is equal to if D ^0. 
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4 Express (o*+fc’+c’+<f*)f«*+/’+P*+fc^ *** •um of four squares by writing 

I o+fci e+A I I «+/» j 

I -e+A a-bt I I -J+A* «-/i I 

as a detenmnant of order 2 similar to eaiA factor Hmt If V denotes the conjugate 
of tbs complex number h, each of the three detennioants is of the form 

k I 

-r k' 

MISCEllANEOCS EXERCISES 

1 Solre 

o*+ hy+ es“t, 

by detenmnants for s, treating all cases 

2 In three hoear homogeneous cquatioos in four unknowns, prore that the Takes 
of the unknowns an proportional to tour detenninasU of order 3 foraed from (he 
eoefScients 

Factor the following determinants 

3 1 0 6 c I 4 I s 3 * v* I I s* s> 1 

16 c<sl 

1 c o 6 I I a a’ ry I | a* a* 1 

6 a 6 c I 

e a 6 > (<i46-N)(a+6«-f<»^(a+6w>+cu), 

where « is an imaginary cube root of unity 

Oahed Tahcd 

lade dale 

e d a b e d a b 

d e b a b e d a 

8 If thepomts (ji, y0> , (ti, yd be on a cirde, proTe that 

r»'+jfi* *i pi 1 j 

>0 

3«’+y4* x» 1 I 
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9. Prove that 

oa'+6b'+cc' ea'+fb'+gc' 

ae'+hf'+cg' ee'+ff'+gg' 


a b 

a' b' a c a' c' 

b c 

b' c' 


+ * 

+ ^ 


e f 

e' f eg e' g' 

f g 

f' g’ 


10. Prove that the cubic equation 

a—x b c 

D(a:)= b f—x g =0 

c g h—x 

has only real roots. Hints: 

a*+b-+c^— ab+bf+cg ac+hg+ ch 
I)(x)-D(— 1 )= ab+bf +cg b^+P+g^—x^ bc+fg+gh 

ac-\-bg-\-ch be+/p+pb a;’ 

= -x'+x‘(a’+P+bH2b2+2ca+2y^) -x^{Di+Di+D>) +0^0), 

where Hi denotes the first determinant in Ex. 9 with all accents removed and with 
e=b, while A and Hj are analogous minors of elements in the main diagonal of the 
present determinant of order 3 with x=0. Hence the coefficient of — x* is a sum of 
squares. Since the function of degree 6 is not zero for a negative value of x\ H(x) =0 
has no purely imaginary root. If it had an imaginary root r+sf, then H(x+r) =0 
would have a purely imaginary root si. But H(x+r) is of the form H(x) with a, f, h 
replaced by o— r, f—r, h—r. Hence H(x)=0 has only real roots. The method is 
applicable to such determinants of order n. 

11. If Oi, . . . , an are distinct, solve the system of equations 


h \ — fli — fljj 


=1 


(t = l, . . . , n). 


Hint: Regard ki, . . . , bn as the roots of an equation of degree n in fc formed from 
the typical one above by substituting k for h and clearing of fractions; write k=a]—t, 
and consider the product of the roots of {"+ . . . =0. Hence find xj. 

12. Solve the equation 

o+x X X 
X b+x X =0. 

X X c+x 



CHAPTER IX 
Syuuetric Functions 


103 Sigma Functioos, EUmeatary Sjmmetnc A rational 

function of the independent variables xi, X2, , Said to be symmetne 

in them if it is unaltered by the interchange of any t*'^o of tbo variables 
For example, 

3:i®+xi*+l3*+4ii+4xr+4i3 

IS a aymmetnc polynomial in *», tj, the sum of the first three terms 
IS denoted by and the sum of the last three by 4Sii In /jeneral, 
if 1 18 a rational function of xi, , x„ Si denotes the sum of I and all 
of the distinct functions obtained from t by permutations of the variables, 
such a S'function (read »t(nna /unction) is symmetnc m 

For example, if there are three independent variables o, 0, y, 
2ad-a5+ffr+dy. 


2 ' 


aS 


a y B^y “ 


y+g* 

og <rr gy 


In particular, r«=a+g4-T, 2^, andogy are called the three elementarv 
symmetric functions of a, g, 7 In general. 


So!i, SctiOi, Saiajas, , Zaios 01^2 o* 

are the elementary symmetric functions of ai, aa, In § M they 

were written out more fully and proved to be equal to “Ci, cj,— cs, , 

(— ll'Cn if ai, , o, are the roots of the equation 
(1) x"+c,x->+caj-»+ +c=0 

whose leading coefficient la umty 
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EXERCISES 


If o, 7 ate the roots of a:Hpa;’+ 32 +r= 0 , so that 'Za= -p, Sa^=g, and 0 ^ 7 = -r, 
prove that 

1 . (2a)^=Za'+22aP, whence Sa“ = p’— 25. 

2 . 2 a- 2 o 0 = 2 a' 0 + 3 aP 7 i whence 2a'P=3r— pg. 

3. :Sa^Py = pr. 

4. 2a2^J = (2a;3)=-2a/372a = g''-2pr, 

If a, p, 7 , S are the roots of a:*+pz’+gi*+r 2 :+s= 0 , prove that 


5. 




g 



r^—2gs 


Hint: Compute the sum, sum of the products two at a time, and sum of the squares 
of the roots of the equation 

l+P2/+gy’+ry’+s2/^ =0, 


obtained by replacing x by 1 /p in the given quartic equation. 


s. y!.y..yi-4-2:-4. 7 . 'v~-y.-- 




9. 



3r-pg 

5 


104. Fundamental Theorem on Symmetric Functions. Any 'poly- 
nomial syminelric in x\, . . . , x„ is egual fo on vitegral rational function, 
with integral coefficients, of the elementary symmetric functions 

(2) Ei = 2xi, Ez = 'ExiX 2 , Ez='ZxiX 2 Xz, . . . , E„=xiX 2 . . . x„ 

and the coefficients of the given polynomial. In particular, any symmetric 
polynomial with integral coefficients is equal to a polynomial in the elementary 
symmetric functions with integral coefficients. 

For example, if n= 2 , 

rii* d-rrj’ +SI 1 +SX 2 = r(Ei’ —2Ei) +sEi . 

In case r and s are integers, the resulting polynomial in Ei and Ei has integral coeffi- 
cients. 

The theorem is mo.st frequently used in the equivalent form: 
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Any polynomial symmetric tn the roots an equation, 

M equal to an integral rational function, ictlh integral coefficients, of the coeffi^ 
cienJs of the equation and the coeffiaents of the polynomial 

It IS this precise theorem that is required in alt parts of modern alRebra 
and the theory of numbers, where attention to the nature of the coefEcienf s 
IS vital, rather than the inadequate, oft-quoted, theorem that any s>m- 
metne function of the roots is ctprcssible (rationally) in terms of the 
coefficients 

It suffices to prove the theorem for any homogeneous symmetric poly- 
nomial 5 , 1 e , one expressible as a sum of terms 
I,** 

of constant total degree in the x’s Evidently 

wo may assume that no two terms of S have the sami, set of exponents 
ki, I (since such terms may be combined into a single one) Wo 
shall say that h is higher than the term i/' if ki>li,OTit 

fci“fii or if ta>/3, , so that the first one of 

the differences fci-/i, lj-f 2 ia-fj, which is not zero is positive 
We first prove that, if the above term h is the highest term of S, then 

For, if Ai <A,a, the symmetric polynomial S wouhl contain the term 

which is higher than h If ArjOfes, S would contain the term 

which IS higher than h, etc 

If the highest term in another homogeneous symmetric polynomial 
S’ is 

and that of S is h, then the highest term in their pioduct SS' is 
AV*=«a'ri»'+*' *,»•+•• 
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Indeed, suppose that SS' has a term, higher than hh', 

( 3 ) ' cxi'i+'i' . . . 

wliich is either a product of terms 

t = bXl'^. . . Xn’", t' = h’XT}^' . . . 

of (S and S' respectively, or is a sum of such products. Since ( 3 ) is higher 
than hh', the first one of the differences 

Zl+Zl' — fcl — ici', . . . ~hin~'k„' 

which is not zero is positive. But, either all of the differences h—ki, 

. . . , ln—k„ are zero or the first one which is not zero is negative, since 
h is either identical with t or is higher than t. Likewise for the differences 
h'—ki , . . . , In'-kn- We therefore have a contradiction. 

It follows at once that the highest term in a product of any number 
of homogeneous symmetric polynomials is the product of their highest 
terms. Now the highest terms in Ei, E2, Ez, . . . , E„, given by ( 2 ), are 

Xi, X1X2, X1X2X3, . . . , X1X2 . , . x„, 

respectively. Hence the highest terra in Et°^E2 °^ . . • E„‘‘» is 

j;j^ai+aj+ . . . +on 

Thus the highest term in 

is h. Hence Si=S—(r is a homogeneous symmetric polynomial of the 
same total degree k as S and having a highest term hi not as high as h. 
As before, we form a product vi of the E’s whose highest term is this hi. 
Then 82=81 — ffi is a homogeneous symmetric polynomial of total degree 
k and with a highest term ?i2 not as high as hi. We must finally reach 
a difference Sj— cr, which is identically zero. Indeed, there is only a 
finite number of products of powers of xi, . . . , x„ of total degree k. 
Among these are the parts h', h'l, h'2, . . . oih, hi, hi, . . . with the coeffi- 
cients suppressed. Since each h{ is not as high as h,^i, the h', hi, h2 ', . . . are 
all distinct. Hence there is only a finite number of Zij. Since jS;—trj= 0 , 

S = o-4'<Sii = (r-t-<7i-J-iS2= . . . =cr4-o'lH-o’2+ • • • +0’i. 

Hence iS is a polynomial in Ei, E2, . . . , E„ and a,h, ... , with integral 
coefficients. 



132 


SYMMETRIC FVECTIONS 


[Ch IX 


Example 1 If S=rzi’p«’ii»ndn>4, ir«h*Te 

«>£i£^i-iSi+3Zxi*jtiitX4+IO Zxatt>XiZ\, 

Si—S—f“—3 Xzi'jtxiz«— 10 ZxiXtiixai 

—3 B,Bi- —3 (Zzt*^z^«+S Zzjztziztii), 
iS| •> — «1 o 5 ZZlEtTlXiTl - 9 ft, 
Smr+Si-r+et-hSfE^s-SEiBi+S ft 
Example? If f •Zpi'ZiZi tmd n>4, 

irofi'fi-f i(Szi’ziXi+4 SZ|Z,ZtZa) 

-lzi'ZtZi+2 tz,*z»*z.+3 ZZi'ziTcCi 

-K {Zz»*z,ZtZ,+5 ZzaZiZtZaZi), 

S,=S-x= -2 IziWzt— 7 Zzi*z>Ttz<— 20 ZziZtZtZtZi 

Take vi— —2 EiEt aed proceed u in Ei 1 
Exauplb 3 By examples 1 and 2, if n>4, 

aZzi*zi’zj+iZzx'zjri**6fi’J?»— (3ii+6)fif«+(«— 2i)£'ifi+5(a+6)f§ 

106. Rabonal Functioas STmmetnc m all but One of the Roots. If 
P IS a ralioruil function of the roots of on e^fuofion /(r) «»0 of degree n and 
if P IS symmetric in n — I of the roots, then P it egua! to a rational function, 
mf/i infejfrol coejKaenij, of the remaining roof ond the eoe^toenfj of f{x) and P. 
For ezampte, +«•* tsayminctnc m at, .snand 

P *r«i +Zai*— 2^+fB) ~«i’, 

if«i, ,o«aretheK«tiof e<luatioa(l) 

Since* any symmetric rational function is tbe quotient of two symmet- 
nc polynomials, the above theorem will follow if proved for the case in which 
the words rational function are m both places replaced by polynomial 
If oi IS the remaining root, the pol3noomial P is symmetne in the roots 
02, , On of /{x)/(r— ai)=*0, an equation of degree n— I whose coeffi- 

cients are polynomials in ai,ci, , n. with integral coefficients Hence 
(§ 104), Pis equal to a polynomial, with integral coefficients, inai, ci, , 
c, and tbe coefficients ol P 

'If N/D IS symmetric in oi, at and the polynomials N and D have no common 
factor, while N becomes iV and D becomes D when oi, ai are mterchanged, then 
ND bDII' Thus AT divides N and both are of the same degree Hence 
D'=eD, where c is a constant By agaiD inteTchangiog on, at, we obtain N from N', 
whence Af«»eiV'-=eW, c'=l If C" — I, we take ai=ai and see that f “^'= — P, 
Af = 0, whence N has the factor ai — o, Sunilaily D has the same factor, contrary to 
hypothesis Hence and If and D aze ead symmetric in ai, aa 
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Exasifle. If a, p, T are the roots of f(x) sx^+px^+qx+r=0, find 
I M a+S a+0 01-1-7 


^+P a+P 

Solution. Smce^“-l-T’ = P°“'2g— a=, p+y^—p—a, 

But a-fp, j3-|-p, 7 - 1 -p are the roots iji, yi, j/j of the cubic equation obtained from 
f(x)=0 by the substitution x+p=y, i.e., x=y—p. The resulting equation is 

?/’ - 2p7/2 -j. - pg = 0 . 

Since we desire the sum of the reciprocals of yt, yi, ija, we set y = l/z and find the sum 
of the roots zi, zj, zj of 

1 — 2pz-f (p 2 -l-g) 2 ^-l-(r— pg)z’ =0. 

Hence 


2 - 


1 p’+g "S^a^+p^ 2g2— 2p'g-f-4pr 

pq—r a+p pq—r 


'+p ^Vi pq 

EXERCISES 

[In Exs. 1-12, a, p, y are the roots of f(x) =a;’-t-px“-l-ga:-l-r=0.] 
Using ^ 7 -fa 0 -l- 7 ) =g, find 


j yp Py+a- 
-W p+y 


2 ^ 3/37-2«^ 
P+y—a 


3. Why would the use of Py = —r/a complicate Exs. 1, 2? Verify that 
-r /(a)-r 


/3t =— =- 


- =a"-l-pa+q. 


4. VTiy would you use Py^ -r/a in finding 7 

Py+c 

5. Find ^ {P+yY-. 6 . Find '^(a+p-yY. 7. Find ^ 

8 . Find a necessary and sufiicient condition on the coefficients that the roots, in 
some order, shall be in harmonic progression. Hint: If — ~~^=0| 

and conversely. Hence the condition is 

(f-Xf-Xf-j-tf)- 


5 
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9 Find the cubic equation with Ihe roots ^7—, 
these are (— r— l)/a etc , make the subshtutKKi {—r—i)/x=y 


Find the substitution which repbees the given cubic equation by ' 
JO 013+117 oS+ffy ory+frv 


II 


2a-l 

fl+7-a' 


etc 


12 


/3+7-2.’ 


. etc 


: with the roots 


If o, ff, y, i are the roots of **+p**+^i‘+n+*=0, find 
„ Y> a»+7»+a« Y^ av+gi+yi 

a+7+» ^g+y+i-s 

IS Prove that if Vi Vi, j/j are the rmitsof v'+py+tfeO, the equation with the roots 

*i“(tfi-yi)'. si“(yi-y»)’ s,*(jrt-tf,)* B 

<'+0p»‘+9p’*+4p’+27«**0 

Hints smee ei"2vi*-2yi5fi-yi’-— 2p+2^/y»— y,*, etc we set *■— 2p+27/y-y* 
Dy the given equation, y'+p+g/n^O Thus the desired substitution is —p+Sf/y 
y-Sfl/fs+p) 

10 lienee find the discriminant of the reduced cubic equatioa 
17 Ifsi, Xssre the roots«f/(s)«(ksbow that 

^t,-c m 

Hint Si— c«y,, z«— e-Vnare iherootsof 

/«+y>-/(c)+Kr(c)+»’( )+ - 0 , 

as shown by Taylor a theorem Or we may employ (S) for i—e 


106. Sums of Like Powers of the Roots Ifai, , a, are the roots of 
(1) /(i)si'‘+cix'''+cji*'*+ +C„=0, 

we wnte si for 2at, «2 for loi®, and, in ('enenil, 

«» = 2ai*=ai*+«2*+ +a«* 

The factored form of (1) is 

/(i) s (x-ai)(r-flff) (z-aO 


( 4 ) 
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The derivative /'(x) of this product is found by multiplying the derivative 
(uaitv) of each factor by the product of the remaining factors and adding 
the results. Hence 


/'(x) = (x— 02) . . . (a:— «n) + (x— ai)(x— 03) . . . (x— «„)+ ■ ■ • , 


( 5 ) 




fix) 


X—oil X‘—a2 




X— an’ 


If a is any root of (1), /(a) =0 and 

X— a a:— a x— a x—a 

= x"~*+ax"‘'^+a2x"-=’+ . . . +ci(.x" 

+C2(x"~^+ 


. . . +C„_i 


X — a 
X—a 


^+ax"-^+ ...) 


(6) — -=a:''"* + («+Ci)x" ^+(a2+Cia+C2)x" . . . 

x—a 

+ (a‘+Cia*"‘4-C2a*“^+ . . . +Ci:_ia+Ct).x""*“’+ .... 

Taking a to be ai, . . . , an in turn, adding the results, and applying (5), we 
obtain 

/'(a:)=nx'’~*+(si+nci)x""^+(s2+cisi4-nc2)x' . . . 

+ (St + ClSt_i + C2St_2+ . . . +Ci:_jSl+nCt)x"“*'“^+ .... 

The derivative of (1) is found at once by the rules of calculus (or by 
§ 56) to be 

/'(x)=nx''“‘+(n— l)cix''"^+(rt— 2 )c 2 x"~®+ . . . +( 7? — fc)ctx"“*“’+ . . . . 
Since this expression is identical term by term with the preceding, we have 
Sl+Cl = 0, S2 + CiSi+2C2 = 0, . . . , 

St+ciSt_i+C2St_2+ . . • d"C*_iSi4-fcct=0 (fc^n— 1). 
We may therefore find in turn si, S2, . . . , s„_i: 

(8) S2 = _cj^ S2 = Cr — 2 c 2, S3 = — Ci^ + 3 CiC 2 — 3 C3, . . . . 

To find s„, replace x in (1) by ai, . . . , a„ in turn and add the resulting 
equations. We get 

S„ + CiS„_i + C2S„_2+ . . . +C„_iSl + 7lC„ = 0. 



136 SYmtETRIC FUNCTIONS [Ch IX 

We may combine (7) and (9) into 

(10) i»+ci*i-i+C 2 S»-i+ . , n) 

This set of formulas (10) will be referred to as Nenton't tdeTittlies 

The student should be able to wntc them down from memory and, when 
writing them, should always check the final one (9) by deriving it as aboi e 
To derive a formula which shall enable us to compute the for 
i>n, we multiply (1) by x*~\ take at®»ai, . . in turn, and add 

the resulting equations We get 

(11) «»+ci«»-i+e 2 *».*+ +Cii*»-« = 0 (k>n) 

Instead of memorising this formula, it is preferable to deduce it for the 

particular equation for which it is needed, thus avoiding errors of substi- 
tution as well as confusion with (10) 

ExAunx Find t* for **— 1 -0 

iSefuhon Coispunog our equation with (I) wehareei-0, , e»-i“0, f«"— 1 
Hence in (10) for it<R, each « la zero and Out, for tan, (10) bewmes i*— n>0 
may check the latter by tubatituting each toot o) a* m our given equation 
and adding Finally to Rnd «i when f>A multiply our equation by af~* In tha 
resulting equation we subatitute each root add and obtain 

Hence from ti we obtain an equal a by aubtracting n from I After repeated subtrao* 
tions ve reach a value t for which Sinee itBO or n aeeordiog aat<n or 

kwn, UfqUawa that siaO or n according as < is not oris divisible by n 

EXERCISES 

1 For a cubic equation 4eiV)+Sc>r»-<-2(^' 

2 For an equation of degree £ 4 e«-ci*— 4ei%,+4cvti+2o,*— 

3 Find ft, ft ft *i for z'— px-f9»0 

4 Fmdftforz*— 3“0 

5 Find ft, «„ ft ft for z*-pz+g«>0 

107. Waimg’s Fonmila for Sg in Terms of the Coefficients. While 
we have learned how to find «i, *j, sj, in turn by Newton’s identities, 
it IS occasionally useful to know an exphcit expression for St, where L 
has an arbitrary value The formula in question is apphed ordinarily 
only to a quadratic equation 

Accordingly we shall treat this case in detail If its roots are a and ff, 
then 


t^+pz+q^(x~<it)(x-fi). 
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Replace x by 1/y and multiply by y^. We get 

(12) l+py+qy^=(l-ay)0—fy). 

Taking derivatives, we have 

p+2qy= -a(l-^y)-P{l-ocy). 

Change of signs and division by the members of (12) gives 

fl3) ' -p-2qy ^ ^ 

' 1+py+qy^ 1-ay^l-Py 

The identity in Ex. 7, § 14, with n changed to h, may be written in 
the form 


-~sl+r+r2+ . . .+ 

1 — r 1 — 7 


Take r^ay and multiply the resulting terms by a; thus 


Similarly, 




To show that on adding, and writing s* for a*'+/3*, we obtain (15), we need 
the sum of the final fractions, which by (12) is 


Hence 


(l-ayHl-fy) l+py+qyl’ *-“**'(1 «»). 




where the exact expression for <^> is immaterial. 

Next, we seek an expansion of the fraction in the left member of 
(13). Its denominator will be identical with that in (14) if we choose 
~Py~qy^‘ Evidently (14) may be written in the compact form 


Hence it becomes 


— ^2r'+^. 
1-r ,.o 1-r 
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•where aHhoug^ ^ "wdl be made el the particvdai 

form of the polynomial ^ By the binomial theorem, 

where the summation extends over all sets of integers g and h, each iO, 
for which g+h^l, while denotes the product of 1 2, , g il yil, 

but denotes unity if j = 0 Hence 


(16) 


-p-2gy . 

i+py+gy^ 


P'sV*”+E, 

i+py+?y* ' 


where the summation extends o\er all sets of integers g and h, each £0, 
for which g+h< k- 1 

Since the left members of (15) and (16) are identically equal by (13), 
their right members must be identical, so that (he coefHcients of y‘ * 
in them must be equal > Hence (he coelTicicnt Si of ' in (15) is equal 
to the coefTicient of y* ' in (16), which is made up of two parts correspond- 
ing to the two terms of the factor p+2qy ^en we u«e the constant 
term p we must employ from Z in (16) the terms in which the exponent 
of y equal to k-1 But when we use the other term 2yy, we must 
employ from I the terms m which the exponent of y is equal to k— 2, in 
order to obtain the combined exponent k-1 of y Hence ti is equal to 
the sum of the following two parts 


p2(-l)'*»+' 

2g2(-l)'*»+ 


(g+k)l_. 


g'A! 


W 


(y+2A=ifc-l). 


(y+2A=k-2) 


In the upper sum wnte » for g+1, and j for A In the lower sum, write 
iforg andgfoiA+l Hence 


s, = 1(- 1)**' p-^+22(- iy*> 


(t+j-l)l 

»I(;-1)I 


pV, 


' In fart the ()c— I)th derivatives ol Ihe two right members are identical and we 
obtain the indicated result by substituting ysO m these two derivatives and equating 
the results Note that the ftnal terms in bolb (15) and (10) have y as a factor of their 
(A— l)th denvaUvfs 
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where now each summation extends over all sets of integers i and j, each 
^0, for which 

(17) i+2j=h. 

Finally, we may combine our two sums. Multiply the numerator 
and denominator of the first fraction by i, and those of the second fraction 
by j. Thus 

(18) 

since the present fraction occurred first multiplied by i and second multi- 
plied by 2j, and, by (17), the sum of these multipliers is equal to k. Our 
final result is (18), where the summation extends over all sets of integers 
i and j, each ^0, satisfying (17). 

If we replace i by its value k~2j, and change the sign of p, we obtain from (18) 
the result that the sum of the k th powers of the roots of x'^—px+q — Q is equal to 

(19) 

y„o 

t , t -2 . k{k—3) 2 k(k—4){k—5) j._0 3 

-p-kp q+-^P q Ti:?— P 5+-- • 

where K is the largest integer not exceeding k/2. 

The product of the roots is equal to q. Hence if x denotes one root, the second 
rootisg/i. Thus st=s*^ 4 -(g/x)*. Again, the sum of the roots is x-fg/x=p. Regard 
9 as given and p as unknown. Hence, if c is an arbitrary constant, the equation 

f 2 (n i , 1-2 . k(f!— 3 ) 2 t-i 

^ > P -hrp + ^ ^ q p‘ *- . . . =c 

is transformed by the substitution p—x-\-qfx: into 



Hence equation (20) may be solved for p by radicals by the method employed in § 43 
w a cubic equation. 
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The above proof applies * without essential change to any equation 
• . . +c»=0 and leads to the following formula for the sura 
of the fcth powers of its roots 

(21) ■ ■ O, 

where the summation extends over all sets of Integers n, , r>, each 
iO, for which ri+2r2+3r3+ . . +nr,«=Jlr This result (21) is known 
as Wanng’i formula and was published by him m 1762. 

Exaupu: Letups, ifc»4 Then f|-h2ri-|-3r>~l and 

(4,(^0), (2,1,0). (1,0,1), (0,2,0), 

J3i . 2! ^ !l , II A 

‘■ej*-4fi^+4e>e.+2<i* 

EZESCISES 

! For ths quadratic s<—pc+{«0wn(e out the expressions for <>. e^ *«. sipvtnby 
(19), and eoiopara with those obtained from Newtwi a identities (Ex 3, { 100) 

2 Find «t fora quartic equatran by TVanogefonnuls 

3 For (30) becomes DeMotmf quintic p'—ifp'-fSq’p-e Solve it by 
ndicals for p 

4 Solve (30) by radicals when k**7 

lOS. S-lunctons Expressed in Terms t4 the Functions it, Since 
we have learned two methods of expressing the ii in terms of the coeffi- 
cients, it is desirable to learn bow to express any 2-polynomial (and 
hence any symmetric function) m terms of the h 

By performmg the indicated inultipbcation, we find that 
Eai*=So;i*'''*+m2ai\*2*, 

where trbI if a^b, m*=2 if a=6 TranspOBmg the fiiat term, which 
IS equal to ««+», and dividing m, we obtain 

(22) 2ai‘oi3»«l(«A-«,+,) 

■ See the author e BlemerUarv Tkearp qf Ffualuiu, pp 72-74, where there is given 
also a shorter proof by ineans of infinite senes 
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In order to compute in terms of the St, we form the product 

Sax'* • + So(i®Q! 2® + 2ai'^a2®a3^- 

Making three applications of (22), we get 

84(3382 — 85) = (8782 — 89) + (8983 — Sg) + 

Hence 

2ai^a2^«3^ = S28384 — 82S7 — 8389 — 8485+289, 

EXERCISES 

For a quartic equation, express in terms of the st and ultimately in terms of the 
coefficients ci, . . . , cj: 

1. 2ai*a2*. 2. Zai^arj. 

3. 2oi*a2a3. 4. Xai^a2^ai\ 

5. If 0^6 > c>0, prove that 

2o!i°aj®aj®=— (soSjSc— SaSj+c— SjSa+e— Se8a+6+2Sa+B+e), 

m 

where m=l if a >6, TO=2ifa=6. 

6. S«®aiV=^(saSj*-SaS2j— 2sjSo+6+2Sa4.2»), O>6>0. 

7. 2ai%“aj“=i(Sa’-3soS2a+2s3a), O>0. 

109. Computation of Symmetric Functions. The method last explained 
IS practicable when a term of the 2-function involves only a few distinct 
roots, the largeness of the exponents not introducing a difficulty in the 
initial work of expressing the 2-function in terms of the St- 

But when a term of the 2-function involves a large number of roots 
with small exponents, we resort to a method suggested by § 104, which 
tells us which auxiliary simpler symmetric fuctions should be multiplied 
together to produce our 2-function along with simpler ones. 

For example, to find 2112x2X3X4, when n> 4, we employ 

EiEt = 2Xi • 2 XiX 2X3X4 = 2Xi2x2X3l4+5 ZXiXQXjXiXC, 

2x12x2X3X4 =EiE4— 5 El. 

To find 2x12x32x32x4, employ £3^4 = 2x1X213-2x1X2X3X4. 

I-functions are to be computed, it will save time 
he “ method of leaders ” explained in the author’s 
64-65. 


. I^^Gn many such products of 
rathe long run to learn and apply 
waenfan/ Theory of Equations, pp, 
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MISCEIXAITEOOS ETERCISES 

Express in terms of the coefficienla ft, , Ca 

I 301*0731 2 Sai*os*ai» 3 Zot’ot'ora, 4 Soitoj**!* 

If a, 0, y are the roots of **+p**+9Z+r“0, find a cubic equation with the roots 
2 2 2 

5 a', J5*, -r* 6 efl, 07, ^ " I. “ 

a ff y 

8 a*+|S* «*+7*, P'+t' 9 o*+0d+^*, etc 

If o, 0, y, t are the roots of r*+j>i*+9t*+n+«—0, find 

12 FxpteM S<ii*a«*eu*«.* «i terms of the i, when (0 a>fc>e>d>0, and {»») when 

II By<oIving the firet k of Kentons identilies (10) as a system of linear equations, 

find an expression in the form of a determinant <i) for <i m terms of (■ , a, and 

(ti) fur tt in terms of si, ei 

U One set of n numbers is a mere teamofcocDi of another act if ii, , *■ 
have the same values for each set 
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Elimination, Resultants and Discriminants 

110. Elimination. If the two equations 

aa:+6 = 0, ca:+(i=0 (oy^O, c=^0) 

are simultaneous, i.e., if x has the same value in each, then 

x=— R=ad—bc = 0, 
a c 

and conversely. Hence a necessary and sufficient condition that the 
equations have a common root is R — 0. "We call R the resultant (or 
eliminant) of the two equations. 

The result of eliminating x between the two equations might equally 
well have been written in the form bc—ad = 0. But the arbitrary selec- 
tion of R as the resultant, rather than the product of R by some constant, 
as - 1, is a matter of more importance than is apparent at first sight. For, 
we seek a definite function of the coefficients a, b, c, d of the functions 
ax+b, cx+d, and not merely a property 12=0 or of the correspond- 
ing equations. Accordingly, we shall lay down the definition in § 111, 
which, as the reader may verify, leads to R in our present example. 

Methods of elimination which seem plausible often yield not R itself, 
but the product of R by an extraneous function of the coefficients. This 
point (illustrated in § 114) indicates that the subject demands a more 
careful treatment than is often given. 

111. Resultant of Two Polynomials in x. Let 

fix)=aox”'+aix”’~^+ . . . +0^ (oof^O), 

\ g{x) = box’'+bix’'~^+ . . . +b„ (hoF^O) 

he two polynomials of degrees m and n. Let ai, . . . , am be the roots 
of/(i)=o. Since ai is a root of g(x) — 0 only when p(ai)=0, the two 
equations have a root in common if and only if the product 

g{a{)g{a2) . . . gia„) 

143 
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IS lero This symmetric funetton of the roots of /(x )»=0 is of degree n 
m any one root and hence is expresable as a polynomial of degree n m the 
elementary symmetric functions (| IW), which are equal to — fli/oo, 

02/00 To be nd of the denonuoators ao> it therefore suffices to 

multiply our polynomial by Oo*. We therefore define 

( 2 ) ff)*ao’V(«i)ff(<«) . . ?(“-) 

to be the resultant of / and g It equals an integral rational function of 
oo, . . . , On, b)> • • I b* with integral coefficients 


SZBRCISSS 


1 Um- 1 , 
7 Ifm- 2 , 


fi-2, fi(/, Mi9i+ti«** 

R- 1 . H'J, 

«i, OK»>ai"B| 

, e» are the roots of eo that 

f(«0 ■&«(««— W («»— A) (aj“W, 

R(J, ff) («»— A («i— W 

(«i—A) (®»”A) (oi“W 


(«--A){»«-A> (a«-W 

Multipbnng together the differences in each oohima, we see that 

W, jl-(-ir‘6.7Cffaf(A) /} 

4 Ifm*»2,n-l fi(j, /)■■&€¥(— ki/h»)—o«hi’—Oih»fri+oih*>, which isequal to RCf, p) 
by Ex 2 This illustrates the final result w Ex 3 

5 If m»in“2, ity, pi— a)*6ittii\»i*+o»’b«biai<»r(™i+oi) 

-tit\it’*'hohiniOs+hA(o>'-2o«oO+tL*o^t-titia<iai+Bi>'(>i* 

This equals R{g, f), since it is unaltered when ttw a s and b s are mterehanged 

6 Prove by (2) that R u homogeneous and of total degree m in bg, , ba, and 
by Ex 3, that R is homogeneous and of total degree n in Og, ,om Show that R 
has the terms Oo*6«" and (— l)"*bg"«— * 

7 H(/,PiPt) -«(/■,?.) W ffO 

8 
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112 . Sylvester’s Dlalytic Method of Elimination.^ Let the equations 

/(x)saox®+aia^+02a:+03=0, g(x) =box^+bix+b2=0 

have a common root x. Multiply the first equation by x and the second 
by and x in turn. We now have five equations 

aox^+ois^ +022:^+033: = 0 , 

ooi^+aia^ +a2a;+a3 = 0, 

bo 3 A+bix?+b 2 X^ = 0 , 

box?+bix^+b 2 X = 0 , 

6oa^+6i»+fe2=0, 

which are linear and homogeneous in sA, a?, x^, x, 1. Hence (§ 97 ) 

do Oi 02 03 0 

0 oo oi 02 0,3 

( 3 ) F= bo bi b 2 0 0 

0 60 61 62 0 

0 0 bo bi 62 

must be zero. Next, if F=0, there exist (§ 97 ) values which, when 
substituted for x^, 3^, x^, x and 1 , satisfy the five equations. But why is 
the value for x^ the fourth power of the value for x, that for x® the cube of 
the value for x, etc.? Since the direct verification of these facts would 
be very laborious, we resort to a device to show that, conversely, if F =0 
the two given equations have a root in common. 

In ( 3 ) replace 03 by 03— z and consider the equation 

do Ol 02 03 — s 0 

0 do oi 02 (I3—Z 

ho bi &2 0 0 

0 bo bi 62 0 

0 0 bo bi ba 

To prove that it has the roots /(j8i) and/(^2), where / 3 i and ^2 are the roots 
nl ! 7 (a:)= 0 , we take z=/(/ 3 |) and prove that the determinant is then equal 
to zero. For, if we add to the last column the products of the elements 

Given •without proof by Sylvester, Philosophical Magazine, 1840, p. 132, 
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of the first four columns by A*, fi?, fi, icsjicctivclj, we find that all 
of the elements of the new list cohiinn aic *ero 
Since (4) reduces to (3) fur *=0, it is of the form 
l^^+lz-\-F=0 

in which the value of k is immaterial By considering the product of 
the roots of this quadratic equation, we see that 

Hence the Sylvester determinant F is the resultant f) and hence 
is the resultant R(J, g), since mn is here even (Fx 3, | 111) 

In general if the equations arc 

/(2)=Ooi'*+ +a.,=0 g(x)^box'‘+ +6,=0, 

we multiply the first equation by a:" *, , i 1, m turn, and the 

second by i" * a:" , x, 1, in turn ^Vc obtain n+m equations 

which arc linear and homogeneous in the m+n quantities i"'*’" *, , 

*, 1 Hence the determinant 

do at d] a., 0 0 

0 do di 02 a« 0 D 

00 aoO|a 2 OnO 0 n rows 

(5) F“ 0 0 Oo oi 02 

bo bt b» 0 

0 bo bi hii 

0 0 ho 

IS rero It may be shown to be equal to the resultant R(/, g), whether 
mn IS even or odd by the method employed in the above casem^S, n>=2 
We may also prove as follows that if F=0 the equations /=0 and 
g=0 have a common root Since F was obtained as the determinant 
of the coefficients of 

!"■■*/» .a// ,xg g, 

F— 0 implies, by 1 06, Lemma 2 the existence of a linear relation 

Box* '/+ +F„_jr/+5, i/+4o*" V+ 
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identically in x, with constant coefficients Bo, , A^-i not all zero. 
In other words, ^/+agsO, where 

(6) a=AoX”'~^+ • • • -\-Am- 2 X+Am^i, p=BoX''~^+ . . . +B„^ 2 X+B„-i. 

Neither a nor ^ is identically zero. For, if asO, for example, then 
j3/=0 and /S^O, whereas the and B, are not all zero. 

Consider the factored forms of /, g, a, 0. Suppose that / and g have 
no common linear factor. The highest power of each linear factor occur- 
ring in / divides ag=—^J and hence divides a. Thus / divides a, whereas 
/ is of higher degree than a. Hence our assumption that /=0 and g=0 
have no common root has led to a contradiction. 

A similar idea is involved in the method of elimination due to Euler (1707-1783). 
I{/=0 and s=0 have a common root c, then /=(a:— 1)0-, —g = (x—c)P, identically in 
X, where a and ^ are polynomials in x of degrees m— 1 and n— 1, respectively. Give 
them the notations (6). In the identity pf+ag=0, the coefficient of each power of x 
is zero, Hence 

a»Bo -{-hoAo =0 

oiBoAooEi ~f~^tAo~i-boAi —0 

I 

e2mBa-2+Om-lEn-l -l-baA„-2+l>n-l.^m-l=0 

+hn4.,n_l = 0. 

Since these m+n linear homogeneous equations in the unknowns Ho, . . . ,Bn-i,A<,, . . . . 
A„_i have a set of solutions not all zero, the determinant of the coefficients is zero. 
By interchanging the rows and columns, we obtain the determinant (5) 

EXERCISES 

1. For m=n=2, show that the resultant is 

CLq Oi O 2 0 
0 Qo O2 

ho bi 62 0 

0 60 &l &2 

Interchange the second and third rows, apply Laplace’s development, and prove that 

R = (oohi) “ — (cohi) (0,62) , 

"fliere (cohj) denotes Oohj— a-bo, etc. 
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2 For m— n—S, wnte down the reaultant end, by tnterchaoges of rowa, denve 
the eecond detenmn&nt in 


di Ot Ot 0 0 

0 o> oi Ot di 0 

0 0 dt di d( dt 

b, bi i, h, 0 O 

0 b, bi hi h, 0 

0 0 b< bi b, b, 


di di Of di 0 0 

bi b, bi bi 0 0 

0 dt di 0( di 0 

0 b, \ bi b, 0 

0 0 dt di di di 

0 0 bt b, bi b, 


To the second determinant apply I^place’s development, selecting minors from the 
first two rows, and to the complementary muiota apply a aumlar development Thn 
may bo done by inspection and the following value of —R will be obtained 


(otb.) I (o.b,)(dA) -(o.bO‘+(d,b,)(dA) j 
- (dtbi) ( (dibiKoib,) - (dtb,)(d,b,) I 
+(dA){(dA){a,b,)-(o.S)») 


The third term of the first line and the first term of the last hoe are alike Hesee, 
changing the signs, 

/?«(aoW*-2 (<aAKaAK<»t*.)-(dA)(d,b.)(B,W 

+(dtbi)*(«>b>)+(dA)(d^)*-(d.b,)(d,b,)(o,b,) 


Other methods of simplifying Sylvester • determinant (6) are given m { 113 
113. B4zout’s Method of £lindaatJoo the two equatjons are 

of the same degree, the method published by B^zout m 1764 will be clear 
from The example 

/aao*®+aiz^+oj*+<tj“0. y=bor^+6ii*+62*+b3“0 

Then 

doff— 

(7) (aoJ:+oi)y-(*w:+6i)/, 

(aor*+aii+02)y— (box^+iix+bj)/ 

are equal respectively to 

(aobi)x* +(oohj)® +(0063) =0, 

(8) (aoh2)*®+ 

(oobs)!^ +(ei63)x +Ca2b3)=0* 
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where (aohi)=aohi— oiho, etc. The determinant of the coefficients is the 
negative of the resultant R{j, g). Indeed, the negative of the determi- 
nant is easily verified to have the expansion given at the end of Ex. 2 
just above. 

To give a more instructive proof of the last fact, note that, by (7), equations (8) 
are linear combinations of 

x‘f=0, a:/=0, /=0, xg=0, g=0, 

the latter being the equations used in Sylvester’s method of elimination. The deter- 
minant of the coefficients in these six equations is the first determinant R in Ex. 2 just 
above. The operations carried out to obtain equations (8) are seen to correspond 
step for step'to the following operations on determinants. To the products of the ele- 
ments of the fourth row by ao add the products of the elements of the 1st, 2nd, 3rd, 
5th, 6th rows by —bo, — bi, — bj, a,, oj respectively [corresponding to the formation 
of the third function (7)]. To the products of the elements of the fifth row by ao add 
the products of the elements of the 2nd, 3rd, 6th rows by —bo, — bj, a, respectively [cor- 
responding to the second function (7)]. Finally, to the products of the elements of the 
sbcth row by Oo add the products of the elements of the third row by —bo [corresponding 
to Oop-bo/J. Hence 


ao 

ai 

Oo 

Oj 

0 

0 

0 

ao 

a\ 

Oj 

at 

0 

0 

0 

ao 

■ ai 

at 

Oj 

0 

0 

0 

■ (oobj) 

(oibj) 

(ojbj) 

0 

0 

0 

■ (a obi) 

(oobj) -1- (aibt) 

(aibj) 

0 

0 

0 

: (oobi) 

(aobt) 

(oobs) 


BO that R is equal to the 3-rowed minor enclosed by the dots. The method of Bdzout 
therefore suggests a definite process for the reduction of Sylvester’s determinant of 
order 2n (when m=n) to one of order n. 

Next, for equations of different degrees, consider the example 


/ saoi^-f-ois’-l-aox’-l-aox+oi, p=boi*-l-biX-{-bj. 

Then 

aox‘‘g~bof, (,aoX+ai)x^g — {boX+bi)f 

are equal respectively to 


(aobi)i’ -f (oobjlx’ — ojboi — 04bi,, 

(aob 2 )x’-b { (aibj) — ajbojx*— {asbi-foibo} x— mb,. 

determinant of the coefficients of x’, x*, x, 1 in these two functions and xg, g, after 
me first and second rows are interchanged, is the determinant of order 4 enclosed by 
ots in the second deterininant below. Hence it is the resultant R(J, g'). 
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As m the former example, we ihsQ indicate the correspondmg operations on Syl* 
vester e detenmnant 

0 ei Of oi Oi 

bt li 0 0 0 

'*0 b. bi 6t 0 0 

0 0 b. b. b, 0 

0 0 0 b» bi bi 

Multiply the elements of the third and fourth rows bvoo In the resulting determinant 
aAR add to the etemcnts of the third row the products of the elements of the first 
second and fourth rows by — b) — b,, a /a* respectively Add to the elements of the 


fourth row the products of those of the second by 

—be e get 



oa 

Ol 

Oa 

Oa 

Ot 

0 


0 

Oa 

Ol 

Ot 

0| 

<la 

' 

0 

0 

(dab,) 

(o b,) — oiba 

— a>bi— o*ba 

—Oabi 

«o 

0 

0 

(Ooh.) 

(0.6.) 

-Ojba 

—Oiba 


0 

0 

b« 

b. 

b, 

0 


0 

0 

0 

b« 

b, 

b, 

Hence R is equal to the minor enclosed by dots 




1 Formas apply to Sylvester s determiDant A exactly the same operations 
as used m the last case m { 113 and obtain 

(a»bi) (<i|b>)— oibi -oA 

R— (oebj) (<*«b») — Oib* 

b» bi bi 

2 Form^n^d, reduce Sylvesto’s R (asm the first case m S 113) to 

(osbi) (diW (««bi) (a«b,) 

(dob,) (o^)-f(<>ib>) (osbO+feibi) (a, 6.) 

(oobi) (agb<)-i-(oibi) (aibi)+(<>^i) (otbi) 

(otb.) (oibO (oM (ojb.) 
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114. General Theorem on Elimination. If any method of eliminating 
X between two equations in x leads to a relation F=Q, where F is a polynomial 
in the coefficients, then F has as a factor the true resultant of the equations. 

Some of the preceding proofs become simpler if this theorem is applied. 
Tor example, determinant (3) is divisible by the resultant R. Since the 
diagonal term of (3) is a term a(?b^ of B (Ex. 6, § 111), F is identical 
with R. 

The preceding general theorem is proved in the author’s Elementary 
Theory of Equations, pp. 152-4. We shall here merely verify the theorem 
in an instructive special case. Let 

/ =aQX?-\-aix^+a2X-\-as = 0 , g^hox? -\-hix‘^-]rb2X-\-h2=Q 

have a common root a; 5^0. Then 

— bof+aog = (ao 5 i)x 2 + (flo2>2)a:+ (aobs), 

(bsf- a 3 g)/x = (aob 3 )x^+ (aib 3 )x+ (o 2 l) 3 ). 

By Ex. 1 of § 112, the resultant of these two quadratic functions is 


(0063) 

(aobi) 

2 j 

1 (0063) (aobi) 

j 

(0163) (0062) 

(0263) 

(dobs) 


1 (0163) (0062) 


(0263) (aobs) 


This is, however, not the resultant R of the cubic functions/, g. To show 
that (0063) is an extraneous factor, note that the terms of F not having 
this factor explicitly are 

(oohi) (aaha) { (aobi) (0253) - (oo^a) (aifcs) } • 

The quantity in brackets is equal to — (ao53)(oib2), since, as in Ex. 2 
of § 101, 


0=4 


oo fli 02 as 

bo bi 62 bs 

ao oi 02 as 

bo bi 62 ^3 


— (.aohi) (0263) ~ (aobs) (aibs) + (oohs) (aiia) • 


We now see that F=(aob3)R, where R is given in Ex. 2 of § 112. This 
method of elimination therefore introduces an extraneous factor (aohs). 
The student should employ only methods of elimination (such as those 
due to Sylvester, Euler, and Bdzout) which have been proved to lead 
to the true resultant. 
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EXERCISES 

Fuid the mult of cIimmatiDg x and bmee find all acta of common solutions of 
1 x‘-v’=!) lymty 2 x‘+it*-25, x*+3{e-l)i+e(»*-25)-0 

3 t\hen I’+nj+b-O has a double root what 3 rowed determinant is icro* 

4 Find the rooU of *‘+3iH32j*+07x*+32r+C5-0 by { 7B 

116. Discnmmants. Let ai, . . be the roots of 


(9) 

«o that 

/(i)=ooi*+aii" *+ 

. +an = 0 

(qO7«!0), 

(10) 

/(x)aao(i— ai)(i-a*) 

(X-On) 



As in § 44, we define tlic discriminant of (0) to be 

D « ao’"’’(oi -«j)* (on -aj)* (a»_ 

Evidently D is unaltcrc<l by the interchange of any two roots Since the 
degree m any root is 2(ffi-l), the symmetric function D is equal to a 
pol>iinniiaI m oe, . , a* Indeed, <io*“ ’ is the lowest power of oo 

sufficient to cancel the <lonominators introduced by replacing Sai by 
-Oi/flo , ai<»8 «■ by ±<i«/ao By difrcrcntiaiing (10), we see 

that 

/'(«l)-Oo(«l— Oj)(Ol— «}) («l— On), 

/'(oj)=ao(<«“oi)(tf2-«3) (<n-a«), 

/'(as) = flo(as-ai)(a3— os)(a3 -«») (03 -o«), 

etc lienee 

ao"-‘/'Coi) /'(on)=00^-’(-l)‘-^** *-‘(«t-os)* 

= aoD 

By (2) the left member is the resultant of /(i), /'(x) Hende 
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EXERCISES 

1. SboTf that tVve disoiimiriant of /=a’+PS+Q'=0 is — 4p’— 27 by evaluating 
the determinant of order five for R(f, f). 

2. Prove that the discriminant of the product of two functions is equal to the prod- 
uct of their discriminants multiplied by the square of their resultant. Hint: use 
the expressions in terms of the differences of the roots . 

3. For 00=1, show that the discriminant is equal to 


1 

OCl 

ai* . 

m—l 

. oi 

2 

So 

Si 

S2 

. Sm — 1 

1 

OCi 


m — l 

. . 02 

= 

Si 

Si 

S 3 

• Sm 

1 

ctm 

cim^ ■ 

m — l 

. . Om 


, Sm— 1 

Sm 

Sm-f-1 ■ 

■ • S2m— 2 


where S(=o!i*+ . . . +am*. See Ex. 4, § 88; Ex. 2, § 102. 

4. Hence verify that the discriminant of a;’-t-pi-bg=0 is equal to 


3 0 -2p 

0 -2p -3g =-4p3-27g^ 

— 2p — 3g 2p^ 

6. By means of Ex. 1, § 113, show that the discriminant of aiix^+aix^+chx+a3=0 is 

2aoai oiOa-l-Saoas 2aias 
oi 2aj Soj 

3oo 2ot 02 


= 18a oOiOjOj —40002’ —4ai’aa-)-Oi’a2' —2700*03^. 


MISCELLANEOUS EXERCISES 

1. Find the equation whose roots are the abscissas of the points of intersection 
of two general conics. 

2. Find a necessary and sufficient condition that 

/(i) =i*-l-px’-l-gx’+rx-i-s=0 

shall have one root the negative of another root. When this condition is satisfied, 
what are the quadratic factors of /(x) 7 Ajjply to Ex. 4, § 74. Hint: add and subtract 
/(i) and/(-i). 

3. Solve /(i) =z*—6i’-|-13i’—14x -1-6=0, given that two roots a and p are such 
lhat2a-fp=5. Hint: /(i) and/(5— 2r) have a common factor. 

4. Solve i’-l-pz-fg=0 by eliminating x between it and x~-i-vx+w=y by the greatest 
common divisor process, and choosing v and to so that in the resulting cubic equation 
for y the coefficients of y and p’ are zero. The next to the last step of the elimination 
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ft rationul function of v fnchimhftuwn, Acla Erudxi , Lipsiae, II, 16S3, 


gives * 63 
p 204) 

5 Find the preceding if-cufaie as foUowa Multiply z*-f by x and replace 

s’ by — pi— f, then multiply the resulting quadratic equation m z by i and replace 
z* by its value The determinant of the coefficients of z', z, 1 must vanish 

6 Eliminate y between y*=p, x^rv-fm*! 6nd get 

z>— 3r»»z— (rtp+sV) =0 


Take t—1 and chose r and v to that this equation ahatl be identical with z’-fp^-bs^O, 
and hence solve the latter (Euler, 17(41 ) 

7 Eliminate y between y*i-r, X“/+ey+y’ftiid get 

Thu cubic equation m z may be tdentified with the general cubie equation by choice 
lienee solve the latter 

8 Detennme r, t and e so that the resultant of 


y»-». 


V' 


‘y+« 


■hall be identical with z'-f-pi+f'O (D^iout 1762) 

9 Show that the teduction of a cubic equation in z to 
ititutioa 


r+»y 

‘j+y 


the form y*>t> by the lu^ 


IS not essentially different from the method of Cx 7 [Multiply the numerator and 
denominator of zby 1— y+y’I 

10 Prove that the equation whose roots are the n(n— 1) differences xj—xt of the 
roots of /(>)='0 may be obtained by eliminating z between the latter and /(z+y) -0 
and deleting from the ebminsnt the factor y* (ansing from y=i^— z;— 0) The 
equation free of this factor maybe obtained by ebminatuig z between /(z) —0 and 

!/(*+») -/(*) 1 /p -re*) +/ ' w ~ - 0 


This ehmiQont involves only even powers of y, so that if we set y’l^r we obtain an 
equation in t having as its roots the squares of the differences of the roots of /(z) =0 
(Lagrange Rdsolution dxi f7>ia(ionj 1798, (8) 

11 Ckrtupute by Ez 10 Che r-«qaatM>o wtien/(z)>iz*+pi+7 
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the fundamental theorem of algebra 

Theoreni. An equation of degree n with any complex coefficients 

/(2)s2"+ai2"-‘+ . . . ^an = 0 

has a complex (real or imaginary) root. 

Write z=x-\-iy where x and y are real, and similarly ai = ci+idi, etc. 
By means of the binomial theorem, we may express any power of z in the 
form J+iF. Hence 

( 1 ) M = 4>(3:,y)+iHx,y), 

where and are polynomials with real coefficients. 

The first proof of the fundamental theorem was given by Gauss in 
1799 and simplihed by him in 1849. This simplified proof consists in 
showing that the two curves represented by <j)(x, y) = 0 and ^(x, y) = 0 
have at least one point (xi, yi) in common, so that zi=xi+iyi is a root 
of/(2)=0. This proof is given in Chapter V of the author’s Elementary 
Theory of Equations. 

We here give a shorter proof, the initial idea of which was suggested, 
but not fully developed, by Cauchy.^ 

Lemma 1 . 01/1+02/1^+ . . . +a„ 7 i'’ is less in absolute value than any 
assigned posiiive number p for all complex values of h sufficiently small in 
absolute value. 

The proof differs from that of the auxiliary theorem in § 62 only in 
reading “ in absolute value ” for “ numerically.” 

We shall employ the notation \z\ for the absolute value 
2=x+ry. 

’ For a history of the fundamental theorem, see Encyclopidie des sciences mathe- 
mtiques, tome I, vol. II, pp. 189-205. 
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Leiama 2 Gucn any potj'iic number P, tee can find a posiitve number 
R$uckthal\f(z) |>Pi/l*|iP 

The proof is analogous to that m § 04 We have 

/(!)-!M+d), d-o.(1)+ •+■>.0)' 

Since (Ex 5, § 8) the absolute \alue of a sum of two complex numbers 
IS equal to or greater than llie difference of their absolute values we have 

Let p be any as«ign«l positnc number < I Applying Lemma 1 with 
h replaced by 1/?, we see tliat j D i<p if 1 1/s | is sufficiently small, t e , 
if ps| r I IS sufficiently large Then 

l/W!>/.’(i-p)iP 

if p'^P/Cl-p), which IS true if 



This proves Lemma 2 

Lemma 3 Onen u complex number a suck fftat /(o)?*0, tee eon ;?n<i 
a complex number z for uhich \ /(e) [ < I /(a) | 

Wnte e«o+A By Taylor s theorem (8) of § 56, 

+/"<«) P+ +/"(») 3 

Not all of the values /'(a), f"(a), are zero since /''''(a) = n! Let 
/< J(a) be the first one of these values which is not zero Then 
/(g+A) _. ria) k' r-Ka) h" 
f{a) rr ■‘■/(o) nl 

Writing the second member m the simpler notation 

5(A)s1+6A’+cA'*‘+ +111", b^O, 

we shall prove that a compW value of A may be found such that 1 gCA) [<1 
Then the absolute value of /(«)//(«) will be < 1 and Lemma 3 proved 
To find such a \a!u'’ of h wiite A and b in their trigonometric forms (§ 4) 
A = p(cos e+i Bine), 6=»| A j (cos^+t sm 0) 
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Then by § 5, § 7, 

b¥=\ b \p'{ cos 03+r5)+i sin (/3+r0)J. 

Since k is at our choice, p and angle 0 are at our choice. We choose 6 
so that (3+r(?=180°. Then the quantity in brackets reduces to —1, 
whence 

g{h) = (l — \ b \p^)-\-h’'(ch+ . . . 

By Ijcmma 1, we may choose p so small that 

\ch+ . . . +lh’'-^\<\b\. 

By taking p still smaller if necessary, we may assume at the same time 
that I 6 |p''<l. Then 

lff(;01<(i-lMpO+PlM, IffWl <1* 

Minimum Value of a Continuous Function. Let F(x) be any poly- 
nomial with real coefficients. Among the real values of x for which 
21® £3, there is at least one value xi for which F{x) takes its minimum 
value F{xi), i.e., for which F(xi) ^F(x) for all real values of x such that 
21x13. This becomes intuitive geometrically. The portion of the 
graph of y—F{x) which extends from its point with the abscissa 2 to its 
point with the abscissa 3 either has a lowest poiht or else has several 
equally low points, each lower than all the remaining points. The arith- 
metic proof depends upon the fact that F{x) is continuous for each x 
between 2 and 3 inclusive (§62). The proof is rather delicate and is 
omitted since the theorem for functions of one variable x is mentioned 
here only by way of introduction to our case of functions of two variables. 
We are interested in the analogous question for 

G(x, y) = <Z.2(x, y)+4^{x, y), 

which, by (1), is the square of ] /(z) |. As in the elements of solid analytic 
geometry, consider the surface represented by Z=G{x, y) and the right 
circular cylinder x'^-\-y'^=^R‘^. Of the points on the first surface and on 
or within their curve of intersection there is a lowest point or there are 
several equally low lorvest points, possibly an infinite number of them. 
Expressed arithmeticallj’-, among all the pairs of real numbers x, y for 
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which = there U* at least one pair x\, yi for which the 

polynomial G{x, y) takes a miDimum value G{x\, yOi »e, for which 
G(^t, yi) ~Gix, y) for all pairs of real numbers x, y for which x^+y^ SIP 
Proof of the Fundamental Theorem Let z' denote any complex 
number for which f(z')^0 Let P denote any positive number exceeding 
1 f(z') I Determine R as m Lemma 2 In it the condition | 2 [ ^ may 
be interpreted gcometncally to imply that the point {x, y) representing 
r=i+ij/ IS outside or on the circle C having the equation 3?-^y'^ = R^ 
Lemma 2 thus states that, if a is represented by any point outside or on 
the circle C, then 1/(2) |>P In other words, if \fiz) |^P, the point 
representmg a is inside circle C In particular, the point representing a' 
is inside circle C 

In view of the preceding section on minimum value, we have 
</(*!. Vi) 

for all pairs of real numbers x, y for which :P-i-y*SR^, where xi, yi xs one 
such pair Wnte *i for n+iyi Since 1/(2) y), we have 

l/(*i)UI/(*)l 

for all represented by points on or mthin circle C Since s' is repre* 
sented by such a point, 

( 2 ) \m)\mt‘)\<p 

This number 2 i is a root of /(r) -0 For, if /(rO ^0, Lemma 3 shows 
that there would exist a complex number z for which 

(3) |/(^)|<l/(*i)| 

Then [/(r) |<P by (2), so that the point representing z is inside cirele C, 
as shown above By the statement preceding (2), 

l/WISI/(<)l 

But this contradicts (3) Hmicc the fundamental theorem is proved 
* llarknesa and Morley, Iniroduetum to tke Theory of Analytic Function* p 79, 
prove that a real function of two variables which is continuous Uioroughout a closed 
region has a minimum value at some pout of the region 
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P»ge 19 

I z'-ei'+llr-e-O * z<-&r'+16-0 ' 

3 1.2 5 4.f -I 6 . 1,3,5 7 1. 1, 1,2 

8 2, -6 , 18 9 -3, 1, 5 zo 5, 2, -1, ~4 

II v«-(p«- 23 }j/+g >-0 la »*-(p>-3p})y+a‘“P 

tj (0 v’-»(p’-3paVa+^“0 * 4 . pf-a* 

(u) v*-9(p'-2a)!/+5‘~0 IS 2 , 4 , -6 

(in) if‘-(p+p/7)y+2+9+l/9-0 

Pace 30 

a 1*». ld^2 

4 4, 1 — V— 5 , r>-6r*+14i— 24“0 
7 '/3,2±i g 

ti, xa Not necessarily 13 No 

Page J3 

32 4 . 3 5 . 0, -7, 

Page as 

I -1 -1,-6 3 -2 3 4 3 1.3,6 4 -2 -4 5 None 

Page 37 

X. 2, -1, -4, 6 3 9 3 8 9 4 -12, -35 5 2, 2, -3 

Page 38 

11,3,9.1 3 1,V,J 3-1 4-1. -1. -1 5 1.-11 6 . -i.i.i 
7 1 8 J 10 *»-J2a-12-0 XI *«-33'-123-j-Si-0 

Page 30 

j 1,4 a —1, —4 3 07,-57 4 —07 57 5 2 2 6 Imaginary 

Page 40 

S *'-|-z«-4j»-3*i-f3r-J-l-0 6 -|(l±Vl3), i(7±v'45) 

ro See (111, 532 

II Edges roots of a*— 7f'-l-12r—» —0, all real (J45) and irrational 

14 a=area e -hypotenuse, squares of legs 

15 A area a, 5 given sides, square third side is a>-|-i'±3v'a'&>— 4 a* 

16 y*—2y*+(2-ff')y*—2i/+l=0 pos ioota009125 1095S62 


I. 5, -liv^-a 
3 a>-7a‘-(-I9a-13=0 
6 ±1,2±V3 
10 2+v'3 a«+2i-f2-0 


X 191,3 3 6 



ANSWERS 


16 ] 


Page 44 

3 . g=2, R+R^+B'^+R^, etc., 2’+z'-42+l =0. _ 
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Page 46 

1 . -5, |(5±V33). 2 . -6,±V~^. 3 . -2, l±r. 4 . J,i(_ 2± V3^). 

Page 48 

I. A =-400, one. 2 . A =4 • 27 • 121, three. 3 . A=0, two. 4 . A=0, two. 

Page 49 

I. -4, 2 ±V 3 , 2 . See Ex. 1, §47. 
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1.6920 1.330058 -1.80194 -1.7729 

-3.0489. -3.128419. -0.44504. -3.3914. 

Page 51 

1 . 1,-1,_4±V6. 2 . - 1 ,- 2 , 2, 3. 3 . l±i, -liV^. 

4 . liVi, -l±V- 2 . S- 4, - 2 , -l±i. 

Page 54 (bottom) 

1- (-3,9). 2 . a=- 250000, x=3, -2, ±i. 

3 . (3, 9), (-2, 4). 4 . A =3. 5 . 6.856, 7. 

Pages 59 , 60 

2 . 2.1. 3 . (-0.845, 4.921), (-3.155, 11.079); between -4 and -5. 

4* !•!, —1.3 5 . Between 0 and 1, 0 and —1, 2.5 and 3, —2.5 and —3. 

9 . 120(2»+z), 120x»-42. 

Page 62 

I- 3. 2 . 2 , — 2 . 3 . — 1 . 4 . Double roots, 1, 3. 5 . None. 6 . 3, 3, —3, 6 . 

Pages 64 , 65 

3- Use Ex. 3, p. 62, abscissas — 1 , 3 . 4. Use Ex. 2 , p. 62. 

6 . I/==-15x-7, X5-15Z+23=0. 
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Page 66 

I . One real 2 (±v'J, three real, 

3 (±v^, -1=FJV}), three 4- (-2±v1, 33=FloV6), one 

Pages 74. 75 

13 - y'+2!/*+5y>+3y’-2y-9-0 14 y*+15y'+52y-30=0 

Page 78 

I One, between —2 and —3 a One, between I and 2 

Pages 79, 80 

I (-4, -31. (-2, -1) (1.2) a (-2,-1), (0, 1) 

3 (-2. -U), (-16, -1), (3, 4) 4 (-2. -1) (0, 1) 

S. (-7. - 6 ). (1,2) 6 (0,1), (3. 4) 

Page 83 

a 1 , 1 , 1, 2 3 1 , t, — 2 , —2 4 1 , 1 , two imsginsTy, 

Page 85 

i (-2, -1), (0 1) (1, 2) a (-4, -3), (- 2 . -i), (l, 2) 

Pages 89, 90 

J. Single -2 46035 a -120164,1 33006,-3 12842 

3 124098 -1,80194,-044501 4 ±2 1213203,2 1231056,-6 1231056 

5 3 45592,21 43067 6 2 1S443 

7 -1 7728656, 1 1612479, -3^13823 
8 . 3 04S9173 -1,3568938,-16920215 
9 2 24CXM099 10 1^7997997 

II 109455US2 la 20o9 -1228 

13 1 2261 14 06527-reciprocal of 2 cos 40® 

15 0 9397 16 1 3500 17 2 7138, 3 3840 

18 5 46% 19 5 57% 20 . 9 70% 


I. 2. 


P«E« 94 
3 3 
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Page 96 

I. 2.24004099. 2. 2 . 3593041 . 3 . 1.997998. . 

Page 98 

I 132“ 20.7'. 2 . 157° 12'. 3 . 4.8425364.' 4 . 3.1668771. 

5 , 7 . 15° ler, 85° 56V, 212° 49', 225° 57'. 

6 . 72° 17'. 8 , 5° 56V, 25° 18'. 9 . 2.5541949. 10 . 1.85718. 

Page 99 

I. -1.04727 ±1.13594 1. 2 . — a±|V3r. 

3 . -1 ± 1 . 4 . 1 ±t, 1 ± 2 i. 5 . 2 ±i, ±2i. 

Page 100 

I. 217° 12' 27.4" =3.790988 radians. 2 . 42° 20' 47i" doubled. 

3 . 133° 33.8'. 4 . 108° 36' 14". 5 . 21.468212. 

6. Angle at center 47° 39' 13". 7. 49° 17' 36.5". 

8 . 1.4303 r, 2.4590 w, 3.4709 ,r; 257° 27' 12.225" more exact than first. 

9 . x/t =0.6625, 1.891, 2.930, 3.948, 4.959. 

10 . (i) 0.327739, 0.339224, 1124.333037. 

(ii) 0.250279, 0.894609, 1.127839. [Set x=l +y, y = l/z and solve by trigo- 
nometry.] 

n. 3.597285. 12 . 10, 1.371288. 

13 . 0. 326878, 12.267305. 14 . 324° 16' 29.55". 

15- 10 yr. 4 mo. 0 days. 16 . 6.074674. 17 . 6.13%. 

Page 102 

I. x=5, 2/=6. 2. a:=2, y = l. 3. a;=a, y=0. 

Page 106 

I. 70261(^4 +a26iC«d3+Oj6jCidt—a,6jC«di—as6*Cidj-l-Oi64Cjdi. 2. 4 -. 


3. -3. 


Page 112 

4 . — 8 . 


I. a;=-8, j/=-7,z=26. 

3. x=6,y=3,2 = 12. 

5. s=-5,y=3, z=2, ta = l. 


Page 115 

2 . x=3, y= — 5, 2=2. 

4 . x=5, i/=4. 2 = 3 . 

6. x = l, 2/=2=0, «;= — 1. 



164 


ANSWERS 


Page xtg 

X Consistent 8/7— 22 t»5/7 (eomntoD line) 

3 Inconsistent, ease (fl) 3 Inconsutent (ti^'o parallel planes) 

4 Consistent (single plane) 

a-1 -3 

5 (0 i‘‘-x-y-2, (i»> laeonsistent, (m) */“*“a+2 

6 (,) („) z-—dk-a or k=e but mcon 

(a— 6)(e— a) a~e a—e 

sistent if A IS different from a and e, (m) *“1 —x—y if it -a, inconsistent if k^a 

Page 130 

X r-2 z V <--4 1 1 1 r.2 z y {--10 8 7 

3 r-1, two unknowns arbitrary 4 r-3 z y t •""6 3 12 1 

5 r-2. 

Page X3X 

I Ranks of A and B are 2, v- -8/7-22, *■5/7 
3 Consistentooly when a -—225/61 and then z--^ ^“61 **61 
3 Rank of A is 2 rank of B u 3, inconsistent 
4. A and Bcf rank 2, x-3 V“2 


n MO 


it(6-t)(e-k)(t+64-c) 
a(6— a)(c-«)(o+6+c) 

Ifa-6Mc acMO equations arc inconsistent unless ^“0 0 c 


e distinct and not sero and their 


-Sir::)-'’ 

3 (o_6)(6_c)(e-a) 4 (*-!i)(sf-*)(»-*)(*y+y*+«) 

6. (a+t+c+d) (0+6— «— d)(a— 6— c+d) (o— 5+c— dl 
7 (o+6+c+<f) (Q-6+e-<f)(o+5»— e— 6*-c+d») 

II X/’‘{h~aj) (k*— O/)— n (n,-oy) 


X3 z(a6+ac+5e)- -a5c 
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Pages i33> ^34 


V*-3p^q+5pr+q- 
r-pq 
5. 2p*-2g. 

3p'-q'- -4pV -4g» -2pqr -9r^ 

(.r-pqy 


10 . p=q+r/x. 


12. 


4x^+px+q 

-3x-p 


, see § 112 . 


(5p^-12g)(p^-4g) _13 
** 4(p’— 4pg'+8r) *4^' 

6 . 24r— p’. 

8 . 27r2-9p5r+2j’=0. 


II. 


13- 


i-?y 

2+2p‘ 

2 g(p»+ 2 pg-r) 
p’^g— pr+s 


— 5p, see Ex. 17. 


Page 136 

3. S2=p=-2g, S3=p’-3pg, S4=p<— 4 p*g+ 2 g*, Ss=p'~ 5 p’g+ 5 pg=. 

4 . S 5 „= 5 - 3 ’', st=0 if k is not divisible by 5. 5 . All zero. 


2. 


3- 


4- 


Page 140 

See Ex. 2 , p. 136. 

Q=ic^-g' (i=0, 1, 2, 3, 4). 
VQ + VQ, Q=ic=-g’ (i= 0 , 1, . . . , 6 ). 


Page 141 

I. cj»-2cics+2c«. 2. Ci^C2— 2cj=— C iCj+4c4. 

3. ciCj-4c4. 4. Cs*— 2 csC4. 

Page 142 

I. CiCj— 4c4ifn>3, CjC3ifn=3. 2. 3ciC4— CiCs— Scs. 

3' C1C4— 4ciC5+9ct. 4. Cs®— 2 c 2C4+2 ciCs— 2 c 8. 

S. P’-(p» -2g)p'-+(g’ -2pr)p -r= =0. 

6- P’-gt/*+pr2/-r2=0. 7. r2/’+2gi/=+4pp+8=0. 

8. Eliminate X by p =f2— a;*. 9. Use p*— g+px=p. 

10. -44-pr/s. II. (rs— pr*+ 2 pgs)/s*. 

12 . (t) SaSdScStf — 2SaSjSe+tf+2SSoS6+e+d + SSa+6Sc+(|— GSo+S+e+d. 
(”") -SliSa* —6Sa%a +8SaS,a +3S2o* -6S4a). 
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nhcrc all but the list term in the mam diagonal is 1, and all term.) above the 
diagonal are aero except tho% in the last column If k>n, we must take 
C/-0 (j>n) 



Page fja 

I. ya»± 4,*-+5 

a (e-l)V- 25 )(y*-l 6 ) y-± 5 ,*- 0 , y-* 4 ,*-+ 3 . 

3 I 1 a hi 

3 a 0 >4h-a* 4 3±3i, -2±t, 

10 2 a I 

Pages 153, 154 

3. pjr— p>i-r*-0, x*+r/p,x*+ps+pi/r 

3> 1,3, 1:^1. It. See Ex 15, p 13a, 
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